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ABSTRACT

SLIDECONT, an AuTO097 driver for sliding bifurcation analysis of discontinuous piecewise-smooth au-
tonomous systems, known as Filippov systems, is described in detail. Sliding bifurcations are those in
which some sliding on the discontinuity boundary is critically involved. The software allows for detec-
tion and continuation of codimension-1 sliding bifurcations as well as detection of some codimension-2
singularities, with special attention to planar systems (n = 2). Some bifurcations are also supported for
n-dimensional systems.

This document gives a brief introduction to Filippov systems, describes the structure of SLIDECONT
and all computations supported by SLIDECONT 2.0, provides a user guide, and describes several tutorial
examples, which are distributed together with the source code of SLIDECONT 2.0.

Key words & Phrases: Sliding bifurcations, discontinuous piecewise smooth systems, Filippov systems,
continuation techniques, AUTO97



1 INTRODUCTION

SLIDECONT (version 2.0) is a suite of routines accompanying AuT097 (Doedel & Kernévez, 1986;
Doedel et al., 1997) which allow one to perform bifurcation analysis of generic discontinuous piecewise
smooth autonomous systems (Filippov, 1964, 1988), here called Filippov systems, with special attention
to planar systems.

Bifurcation analysis of Filippov systems is important in many applications in various fields of science
and engineering. Unfortunately, the complete catalogue of sliding bifurcations in n-dimensional systems
is not yet available. There is a growing number of interesting results on bifurcations of periodic solutions
in specific 3-dimensional and in general n-dimensional Filippov systems (see, for example Feigin (1994);
Bernardo di et al. (1998a,b, 1999, 2001), and, in particular, Bernardo di et al. (2002)).

For the case of planar systems (n = 2), codimension-1 sliding bifurcations have been recently com-
pletely analyzed (Kuznetsov et al., 2003) and suitable defining systems have been proposed for the numer-
ical computation of bifurcation curves with standard continuation techniques. We provide their imple-
mentation in AuT097, indicating explicitly when they are also applicable to general n-dimensional sys-
tems. Moreover, defining systems for continuing periodic orbits with a sliding segment in n-dimensional
systems are implemented.

The document is organized as follows. In the next section we recall the definition of Filippov systems
and some of their properties (for details and references, see Kuznetsov et al. (2003)). Then, we focus on
SLIDECONT, assuming that the reader is acquainted with AUTO97. In particular, we give an overview of
the capabilities and limitations of SLIDECONT (Section 3) and we describe its structure (Section 4), as
well as the problems it can solve (Section 5). Then, we present a brief programmer’s guide (Section 6),
including the information on availability of the software and its installation. Finally, we consider several

tutorial examples from mechanics and ecological modelling (Section 7).



2 PRELIMINARIES

We consider a generic Filippov system (Filippov, 1964)

1)
. fY(x), =€ S, O
f(Q)(m), T € Sy,

where z € R",

Si={xeR":H(z) <0}, So={reR": H(x)> 0},

H is a smooth scalar function with non-vanishing gradient H,(x) on the discontinuity boundary
Y={zxeR":H(x)=0},

and f( : R" — R™, i = 1,2, are smooth functions. For n = 2 we denote

Solutions of (1) can be constructed by concatenating standard solutions in .S » and sliding solutions
on X obtained with the Filippov convex method (Filippov, 1964, 1988; Kuznetsov et al., 2003) described

below. Let

o(x) = (Hy(x), [V (@) (Hy(2), [P (2)), )
where (-, -) denotes the standard scalar product in R™. The crossing set 3. C ¥ is defined by

Ye={reX:0o(x) >0}

By definition, at points in 3. the orbit of (1) crosses 3. The sliding set X is the complement to 3. in X,
i.e.

Ys={reX:o(x) <0}



fO ()

S

Figure 1: Filippov construction.

Points x € X, where

(Hy(2), fP () = fM (@) =0

are called singular sliding points. At such points, either both vectors f () (z) and f()(z) are tangent to
33, or one of them vanishes while the other is tangent to X, or they both vanish. The Filippov method (see
Fig. 1) associates the following convex combination g(x) of the two vectors f (*)(z) to each nonsingular

sliding point z € X4:

(Hy(z), fP) (x))
(Ho(x), f@(z) = fO (@)

g(@) = A P(@) + (1 =N fP(2), A= 3)

Thus,
T =g(x), xeX, (4)

is a smooth system of differential equations in codimension-1 domains of X, which are composed of
nonsingular sliding points. Solutions of this system are called sliding solutions.

Equilibria of (4), where the vectors f () (z) are transversal to 3, and anti-collinear, are called pseudo-
equilibria of (1). An equilibrium X of (4), where one of the vectors f()(X) vanishes, is called a
boundary equilibrium. In this setting, all isolated singular sliding points are equilibria of (4). The
boundary of a sliding domain is composed of tangent points, 7", where both vectors f ) (T") are nonzero

but one of them is tangent to X, i.e.

boundary equilibria, and singular sliding points. Tangent points are called visible (invisible) if the orbits



of & = f()(x) starting from them at time ¢ = 0 belong to .S; (S;, j # ) for all sufficiently small |¢| # 0.

Orbits of (1) can overlap when sliding. Three types of periodic orbits can occur in (1): standard,
crossing (i.e. passing through both domains \S; but with no points in X;), and sliding (i.e. with at least
one point in ).

Two Filippov systems are called topologically equivalent, if there is a homeomorphism ~ : R"™ —
R"™ that maps the discontinuity boundary of one system onto the discontinuity boundary of the other, and
that maps orbits of one system onto the corresponding orbits of the other, preserving the time direction
and mapping standard and sliding segments of any orbit onto the corresponding segments of its image.

Now, consider a Filippov system depending on parameters

f(l)(x’a)v T € Sl(a)a
f(Q)(‘T’O‘)v T € SQ(O‘)a

where z € R, ae € R™, and f(),i = 1,2, are smooth functions of (z, ), while

Si(a) ={z e R": H(z,a) <0}, Sa(ar) ={z € R" : H(z, ) > 0},

for some smooth function H(x, o) with H,(z, «) # 0 for all (z, ) such that H(z, a)) = 0. System (5)
exhibits a bifurcation at o = « if by an arbitrarily small parameter perturbation we get a topologically
nonequivalent system. All bifurcations of (5) are classified as local or global. A local bifurcation can
be detected by looking at an arbitrarily small neighborhood of a point in the state space. All other

bifurcations are called global.

3 OVERVIEW

SLIDECONT can be used to perform a partial bifurcation analysis of n-dimensional Filippov systems (5)
and a much more complete bifurcation analysis in the planar case (n = 2). No more than two control
parameters are allowed (m < 2). Specifically, using the terminology introduced in Kuznetsov et al.

(2003), SLIDECONT can:

- compute the boundary X in planar systems (n = 2) for fixed parameter values;



compute a curve of tangent points in three-dimensional systems (n = 3) for fixed parameter values;
continue a tangent point in planar systems (n = 2) in one control parameter;

continue a standard equilibrium in one control parameter;

continue a pseudo-equilibrium in one control parameter;

continue a standard periodic solution in one control parameter;

continue a standard orbit, possibly crossing the boundary X, connecting a tangent point with the
boundary X in planar systems (n = 2) (e.g. the standard part of a sliding cycle) in one control

parameter;

continue a standard orbit, possibly crossing the boundary X, connecting a pseudo-equilibrium with

the boundary X in one control parameter;

continue a standard orbit, possibly crossing the boundary 3, connecting a standard saddle with the

boundary ¥ in planar systems (n = 2) in one control parameter;

continue a crossing periodic solution in one control parameter;

continue a sliding periodic solution, possibly crossing the boundary X, in one control parameter;
continue a boundary equilibrium in two control parameters;

continue a pseudo-saddle-node bifurcation in two control parameters;

continue a double tangency bifurcation in planar systems (n = 2) in two control parameters;
continue coinciding tangent points in planar systems (n = 2) in two control parameters;
continue a touching (grazing) bifurcation of periodic solutions in two control parameters;

continue a standard orbit, possibly crossing the boundary X, connecting two tangent points of the
same vector field in planar systems (n = 2) (e.g. a crossing-crossing bifurcation of sliding periodic

solutions) in two control parameters;



- continue a standard orbit, possibly crossing the boundary X, connecting two tangent points of
different vector fields in planar systems (n = 2) (e.g. a buckling (switching) or sliding-crossing

bifurcation of sliding periodic solutions) in two control parameters;

- continue a standard orbit, possibly crossing the boundary X, connecting a tangent point with a
pseudo-equilibrium (e.g. the standard part of a sliding homoclinic orbit to a pseudo-saddle in

planar systems (n = 2)) in two control parameters;

- continue a standard orbit, possibly crossing the boundary X, connecting a tangent point with a
standard saddle in planar systems (n = 2) (e.g. the standard part of a sliding homoclinic orbit to a

saddle) in two control parameters;

- continue a standard orbit, possibly crossing the boundary 2, connecting a pseudo-equilibrium with

a tangent point in two control parameters;

- continue a standard orbit, possibly crossing the boundary 3, connecting two pseudo-equilibria in

planar systems (n = 2) in two control parameters;

- continue a standard orbit, possibly crossing the boundary 2, connecting a pseudo-equilibrium with

a standard saddle with one-dimensional unstable manifold in two control parameters;

Accurate detection of additional local degeneracies along these computations is supported together with

switching possibilities between different types of problems (see Section 5 for details).

4 STRUCTURE OF SLIDECONT

In this section the structure of SLIDECONT is presented, together with some comments on its imple-
mentation (which is further described in the next two sections). SLIDECONT solves, through numerical
continuation techniques, several problems, a list of which has been summarized in the previous section.
The general idea is that SLIDECONT sets up the proper defining equations of the user-selected problem in
AuTO97 format, so that the computation can be performed by means of standard AuTO97 routines. This
is why SLIDECONT is an AuT097 driver. The driving process and the overall structure of SLIDECONT

are illustrated in Figure 2.
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Figure 2: SLIDECONT implementation structure.
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As in AuT097, the user must provide three files. An equations file (<name>. f , where <nanme>
is a user-selected name), a constants file (sc. <name>), and, possibly, a data file (<nanme>. dat ) (see
Fig. 2). The equations file contains a set of Fortran subroutines specifying model (5), namely the two
vector fields, f() and f(2), and the scalar function H, the starting solution, either analytically or numer-
ically, and possible state and parameter user functions to be monitored during continuation. Analytical
derivatives of f(1), () and H are required by some problems (see Section 5). The constants file
specifies all parameters qualifying the AuT097 continuation algorithms plus some SLIDECONT specific
constants, including, of course, the problem type, namely a constant indicating the problem to be solved.
As in AuT097, problem types are coded by means of integer numbers. This coding is done in such a way
that SLIDECONT problem types do not overlap with those of AUT097, so that the SLIDECONT user can
access all AuTo97 facilities. Finally, the data file is required to numerically specify the starting solution
of boundary-value problems.

As shown in Figure 2, SLIDECONT is composed of two parts: the SLIDECONT preprocessor (scpr ep)
and the SLIDECONT library (scl i b*. 0). Preprocessing takes the user constants file and produces the
corresponding AuT097 constants file (r . <name>) and a problem specific Fortran file (scpr ob. f)
containing the definition of all SLIDECONT constants, as global variables, and an initialization subrou-
tine which sets these variables at the values specified by the user in the constants file. The initialization
subroutine is called by the subroutine of the SLIDECONT library first called by AuT097, so that during
the computation SLIDECONT constants are well defined. The library contains the standard AuTo97 user
subroutines for each problem and additional support routines.

The compilation of the user and problem specific Fortran files and the linking with the SLIDECONT
and AuTO97 libraries produce the executable file (<nanme>. exe), whose execution finally gives the

standard AuTO97 output files (f ort . *).

5 PROBLEM DESCRIPTION

Among other things, AUT097 computes curves of solutions to algebraic problems:

F(U,p) =0, UFeR™, ueR!,



which we rewrite as

F(z,a,0) =0, reR", FeR™ acR™ geR™, (6)

as well as paths of solutions to boundary-value problems with non-separated boundary conditions:

U(r) — F(U(1), o, 8) =0, UFcR" acR™ gecR™, rec|0,1] )

b(U(0), U(1), e, B) = 0, beR™. 8)

In both cases, control parameters «;, i = 1,2,...,m, are allowed to vary and the following conditions
on dimensions are imposed: n +m + my = ng + 1 for equation (6) and m + myg = ny — ng + 1 for
equations (7)—(8). Moreover, AUT097 can accurately locate zeros along the solution branch of several
test functions (see AuT097 documentation).

For each SLIDECONT problem, we present in a separated subsection the corresponding defining
system (6) or (7)—(8) and some details on its implementation. As for the defining system, we report its
analytical formulation and specify the following informations: the state space dimension n for which the
defining system is valid; the number m of control parameters; the list of other active parameters 3 (i.e.,
different from aq, ..., a;,) and their total number m; for algebraic problems, the dimension n4 of the
defining system; for boundary-value problems, the number n 4 of differential conditions and the number
ny, of boundary conditions.

As for the implementation, we specify, in accordance with AuT097 notation, the following infor-
mations: the AuT097 problem type | PS used to perform the computation; the order SCI DI FF up to
which analytical derivatives of (), f(2) and H are required; the problem dimension NDI M(NDI Men,,
except for Subsections 5.1 and 5.2 where an extra state variable is used); the composition of the state
vector U( 1) ,..., U(NDI M ; the right-hand side vector F(1) ,..., F( NDI M ; the total number of ac-
tive parameters NI CP and the list of active parameter indexes | CP( 1) ,..., 1 CP( NI CP), denoting by
I; the index of the user parameter «; (¢ = 1,...,m) and reporting other active parameter symbols in
parenthesis after the corresponding indexes; the list of test functions for detecting additional local de-
generacies with switching possibilities (a switch to a problem is denoted by a reference to the problem

subsection, indicating the vector field(s) at which the problem is applied, and adding a star (x) if the

10



switch is not automatic, namely the user must set up the starting solution manually). Notice that bound-
ary conditions FB( 1) ,..., FB( NBC) (NBC=n,) are not reported, since their definition is always clear.
By &, we denote computed points on a standard cycle at all (principle and intermediate) mesh points; v,
are the eigenvalues of a (standard or boundary) equilibrium.

It is worth to remark that for boundary-value problems there can be more switching possibilities
than those listed, which, however, are not possible with certainty when the corresponding test function
vanishes. For example, continuing, for n = 2, an orbit of vector field f () connecting a tangent point of
£ with the boundary X (see Subsection 5.7), a zero of test function 3 detects a tangent point of f () at
the right boundary-value. If this tangent point is the same tangent point present at the left boundary-value,
a condition that does not imply a codimension-2 bifurcation, then left and right boundary-values coincide
and one can switch to the continuation of a standard cycle (Subsection 5.6) or of a touching bifurcation
(Subsection 5.20). Thus, when a test function vanishes during the continuation of a boundary-value
problem, one should check if the critical solution satisfies the defining system of some problems not
listed among the switching possibilities.

A common practice in AUT097 is ‘parameter overspecification’, namely the number of active pa-
rameters NI CP is allowed to be greater than the number required by the specified problem. In such cases,
the extra activated parameters located at the end of the I CP list are not true continuation parameters, but
their values appear in the output. Overspecified parameters are denoted in the parameter index list | CP
by indicating in parenthesis the value at which they are set (see Subsections 5.16 and 5.19). Parameter
overspecification is also used by SLIDECONT for the implementation of test functions and by the user
for defining user test functions (see Section 6), so that the actual number of active parameters NI CP can
be greater than the value specified here.

Notice that the defining systems for standard equilibrium and cycle continuation (see Subsections 5.4
and 5.6) are not reported, since they correspond to AuT097 built-in problems. Similarly, the defin-
ing systems for the continuation of pseudo-saddle-node and double tangency bifurcations (see Subsec-
tions 5.17 and 5.18) are not reported, since they are implemented indirectly by using the defining systems
for pseudo-equilibrium and tangent point continuation (Subsections 5.5 and 5.3) and enabling AuT097
limit point continuation (I SW£2, see AUT097 documentation).

All the informations described above are organized in a two-columns tabular format where the left

column reports symbols or names of the informations, while the right column reports their values or

11



expressions. Recall that SLIDECONT does not support the automatic switches marked by a star (x) in the
right column. Finally, refer to Figures 3-15 for a graphical representation of boundary-value problems in

the case of planar systems (n = 2).

5.1 The discontinuity boundary

H(z,a) = 0. 9)
n, m 2,0
my 0
ng 1
| PS, SCI DI FF, NDI M 0,02
U(1),... .U NDM o1, To
F(1) H(z,«)
F(2) 71 — PAR(63)
NI CP, (1 CP(1),...,1 CP(NI CP)) 1, (63)
t. f. 1: tangent point of f() (Hy(z,0), fD(z,a))
switch to problem 5.3 for f(1)
t. f. 2: tangent point of () (Hy(z,a), fP(z,a))
switch to problem 5.3 for f(2)
t. f. 3: pseudo-equilibrium (HX (z,a),g(x,a))
switch to problem 5.5

5.2 A curve of tangent points of vector field f(?) in three-dimensional systems

H(z,a) = 0,

{<Hx(w7a)7f(i)(x,a)) = 0.

(10)

n, m 3,0

mgy 0

ng 2

| PS, SCI DI FF, NDI M 0,1,3
U(l),...,U(NDH\/D T, T2, I3

F(1) H(z, o)

F(2) (Hy(z,q), fO(z,a))
F(3) 71 — PAR(63)

NI CP, (1 CP(1),....1CP(NI CP)) 1, (63)

t. f. 1: tangent point of ), j £ (Hy(x,a), fO)(z,a))
switch to problem 5.2 for f()




5.3 Atangent point of vector field £

H(z,a) = 0,

{<Hx($aa)af(i)($,06> = 0.

1)

n, m 2,1

my 0

ng 2

| PS, SCI DI FF, NDI M 0,12
Ul),...,UND M x1, To

F(1) H(z, o)

F(2) (Hy(z,q), f9(z,a))
NI CP,(ICP(1),...,1 CP(NI CP)) 1, (I)

t. f. 1: boundary equilibrium of £
switch to

<HHwaf“@a»
- problem 5.4 for f(®

- problem 5.5

- problem 5.16 for f(®)

t. f. 2: tangent point of f(), j £ i
switch to

(Hy(z,a), fU) (2, @)
- problem 5.3 for f@)
- problem 5.5
- problem 5.19

t. f.. double tangency

AUTO97 limit point

switch to problem 5.18 for f(®)
5.4 A standard equilibrium of vector field £

n, m n,1

I PS, SCI DI FF, NDI M 1,0,n

1), UNDM 21 T

F(k),k=1,...,n (@, )

NI CP, (1 CP(1),...,1 CP(NI CP)) 1, (1)

t. . 1: boundary equilibrium of £ H(z,a)

switch to

- problem 5.1 (n = 2)
problem 5.2 for f() (n = 3)
problem 5.3 for £ (n = 2)
problem 5.5

problem 5.16 for f(®)

t. f.: branch AUTO97 branch
switch to problem 5.4 for (9 (branch switching)
t. f.; limit point AUTO97 limit point

13




switch to

continuation of a limit point bifurcation

(12)

t. f.. Hopf AUTO97 Hopf
switch to continuation of a Hopf bifurcation
5.5 A pseudo-equilibrium
H(z,a) = 0,
MO (z,a) + Ao f 2)(30 a) = 0,
AM+X—1 = 0.
n, m n,1
md, (ﬁlv"'?ﬁmd) 2’ (A17)‘2)
ng n+ 2
| PS, SCI DI FF, NDI M 0,0,n+2
U(l),...,U(NDH\/D xl,...,xn,)\l,)\g
F(k) k=1,...,n MY (@) + 2 f (@,0)
F(n+1) H(z,«)
F(n+2) A+ —1
NI CP,(ICP(1),...,1 CP(NI CP)) 1, (1)
t. f. 1: boundary equilibrium of £ Ao

switch to

- problem 5.2 for f1) (n = 3)
- problem 5.3 for f1) (n = 2)
- problem 5.4 for f(!)

- problem 5.16 for f(!)

t. f. 2: boundary equilibrium of £
switch to

A

- problem 5.2 for ) (n = 3)
- problem 5.3 for @ (n = 2)
- problem 5.4 for f(?

- problem 5.16 for f(2)

t. f. 3: singular sliding point
switch to

(Hy(, ), f (z,0))

- problem 5.2 for f(") and for fU) (n = 3)
- problem 5.3 for f() and for fU) (n = 2)
- problem 5.19 (n = 2)

t. f.: pseudo-saddle-node bifurcation
switch to

AUTO97 limit point
problem 5.17

14



5.6 A standard cycle of vector field ()

n,m n, 1l
| PS, SCI DI FF, NDI M 2,0,n
U l),...,UND M Tlyenny, Ty
F(k),k=1,...,n (2, q)
NI CP, (I CP(1),...,1 CP(NI CP)) 2, (I,12)
t.f. 1. tOUChing bifurcation min{k:l,...,NTST*NCOL}{(_1)iH(§ka Oé)}
switch to - problem 5.1 (n = 2)
- problem 5.2 for £ (n = 3)
- problem 5.3 for () (n = 2)
- problem 5.7 for f®) (n = 2) *
- problem 5.14 for f(0) *
- problem 5.20 for f(0) *
t. f.: branch AUTO097 branch
switch to problem 5.6 for (9 (branch switching)
t. f.; limit point AUTO97 limit point
switch to continuation of a limit point bifurcation
t. f.. period doubling AUTO97 period doubling
switch to continuation of a period doubling bifurcation
t. f.: torus AUTO97 torus
switch to continuation of a torus bifurcation

5.7 An orbit of vector field f() connecting a tangent point of f() with the boundary %

Figure 3: Boundary-value problems corresponding to (A): Subsection 5.7; (B): Subsection 5.8.
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n, m 2,1
Mgy (B~~~ Bong) L (T)
ng, N 2,3
| PS, SCI DI FF, NDI M 4,1,2
U l),...,UND M U1, U

F(k), k=1,2

Tf,gi) (u, o)

NI CP, (1 CP(1),...,1 CP(NI CP))

2, (1, 61(7))

t. . 1: boundary equilibrium of £ at «(0)
switch to

(Hi (u(0), @), f@ (u(0), o))
- problem 5.4 for f®

- problem 5.5

- problem 5.16 for £

t. f. 2: tangent point of £, j # 4, at u(0)
switch to

<H€E (U(O), a)v f(j) (U(O), a)>
- problem 5.3 for f(@)

- problem 5.5

- problem 5.9 for f(®

- problem 5.19

t. f. 3: tangent point of £ at u(1)
switch to

- problem 5.3 for ()
- problem 5.21 for ()

t. f. 4: tangent point of £, j # 4, at u(1)
switch to

(Ho(u(1), ), f9 (u(1), )
- problem 5.3 for ()

- problem 5.8 for f@), () *
- problem 5.23 for £, fU)

t. f. 5: pseudo-equilibrium at u(1)
switch to

(H (u(1), a),g(u(1), a))
- problem 5.5
- problem 5.25 for £

5.8 A crossing orbit of vector fields f(®), () (j # ) connecting a tangent
point of () with the boundary %

(14)

( u_TZf(Z)(u’O‘) = 0,
O—ij(])(v,oz) = 0,
H(u(0),a) = 0,
(H,(u(0), @), fO(u(0),a)) = 0,
H(u(l),a) = 0,
u(l) —v(0) = 0,
H(w(l),a) = 0
n, m 2,1
Mg, (/817---7/8md) 2, (T‘ujj])
Ng, Ny 4, 6
| PS, SCI DI FF, NDI M 4,1,4
U(l),...,U(NDH\/D U1, U2, V1, U2
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F(k), k=1,2

Tzf]gZ) (u’ Oé)

F(k), k=34

7,1 (v, )

NI CP, (1 CP(1),...,1 CP(NI CP))

3, (11, 61(T3), 62(T)

t. . 1: boundary equilibrium of £ at «(0)
switch to

(Hi (w(0), @), fD (u(0), a))
- problem 5.4 for f(®

- problem 5.5

- problem 5.16 for f(?)

t. f. 2: tangent point of £U) at u(0)
switch to

(Hz(u(0), @), f9) (u(0), a))
- problem 5.3 for f@)

- problem 5.5

- problem 5.9 for f() *
problem 5.10 for £, ()
problem 5.19

t. f. 3: tangent point of £ at u(1)
switch to

(Ho(u(1), @), fO(u(l), @)
- problem 5.3 for f(®)
- problem 5.21 for f(0) *

t. f. 4: tangent point of £\ at u(1)
switch to

(Hy(u(1), ), f9 (u(1), a))

- problem 5.3 for f©)

- problem 5.7 for f() *

- problem 5.23 for £, f0) *

t. f. 5: tangent point of £ at v(1)
switch to

(Ha(v(1), ), f9 (u(1), @))
- problem 5.3 for £
- problem 5.22 for £, fU)

t. f. 6: tangent point of f() at (1)
switch to

(Ha(v(1), @), fU(v(1), )
- problem 5.3 for f(7)
- problem 5.24 for £, f00)

t. f. 7: pseudo-equilibrium at v(1)
switch to

(Hy (v(1),a),g(v(1), )
- problem 5.5
- problem 5.26 for £, f(0)

5.9 An orbit of vector field () connecting a pseudo-equilibrium with the boundary &

w—TFfD(u,a) = 0,
H(u(0),a) = 0,
Xif O (w(0), @) + A fD(w(0),0) = 0, j#i,
i + )‘j -1 = 0,
Hu(l),a) = 0

17
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Figure 4: Boundary-value problems corresponding to (A): Subsection 5.9; (B): Subsection 5.10.

n,m n, 1l

mda, (B, - -, Bmy) 3, (T, \i, \j)
N, Np n,n+3

| PS, SCI DI FF, NDI M 4,0,n
U(l),...,U NDI M ULy vy Uy

F(k),k=1,...,n

Tf,gi) (u, o)

NI CP, (I CP(1),...,1CP(NICP))

4, (I, 61(T), 63();), 64()\)))

switch to

t.f. 1: boundary equilibrium of f® at u(0) | \;

switch to - problem 5.2 for £ (n = 3)
- problem 5.3 for () (n = 2)
- problem 5.4 for f(®
- problem 5.16 for £

t. f. 2: boundary equilibrium of fU) at u(0) | \;

- problem 5.2 for fU) (n = 3)
- problem 5.3 for f\9) (n = 2)
- problem 5.4 for (@)

- problem 5.16 for ()

t. f. 3: singular sliding point at «(0)
switch to

<HI(U’(1)7 a)? f(l) (u(1)7 Oé)>

- problem 5.2 for £ and for fU) (n = 3)
- problem 5.3 for f() and for fU) (n = 2)
- problem 5.7 for £ (n = 2)

- problem 5.19 (n = 2)

t. f. 4: tangent point of £ at u(1)
switch to

(Ho(u(1),a), f (u(1), )

- problem 5.2 for £ (n = 3)
- problem 5.3 for () (n = 2)
- problem 5.29 for £

t. f. 5: tangent point of f©) at u(1)
switch to

(Ho(u(1), @), f9 (u(1), a))

- problem 5.2 for fU) (n = 3)
- problem 5.3 for f() (n = 2)
- problem 5.10 for f(0), f0) =
- problem 5.31 for f@, f0)

t. f. 6: pseudo-equilibrium at u(1) (n = 2)

(Hz (u(1), ), g(u(1), o))
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switch to

- problem 5.5
- problem 5.33 for £

note

the initial value of «(0) must be specified in
PAR(67),..., PAR(67+n-1) in the user
subroutine SCSTPNT

5.10 A crossing orbit of vector fields £, fU) (j # i) connecting a
pseudo-equilibrium with the boundary X

(16)

n, m

n, 1l

m, (517 N 7ﬁmd)

41 (E’z}’ )‘ia )‘_])

ng, 1

2n,2n +4

| PS, SCI DI FF, NDI M

4,0,2n

UW(1),...,U NDI' M

U, - -

Uy V1yeev, Up

F(k),k=1,...,n

Tzflgz) (u’ Oé)

F(k),k=n+1,...,2n

T]flgj) (U7 CM)

NI CP, (1 CP(1),...,1 CP(NI CP))

5, (11, 61(T3), 62(T}), 63(\i), 64();))

t.f. 1: boundary equilibrium of f@ at u(0) | \;

switch to - problem 5.2 for £ (n = 3)
- problem 5.3 for f) (n = 2)
- problem 5.4 for f(®)
- problem 5.16 for £

t. f. 2: boundary equilibrium of fU) at u(0) | \;

switch to

- problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)
- problem 5.4 for (@)

- problem 5.16 for ()

t. f. 3: singular sliding point at «(0)
switch to

(Ho(u(1), @), fO (u(1), a))

- problem 5.2 for £ and for fU) (n = 3)
- problem 5.3 for f() and for fU) (n = 2)
problem 5.7 for f() (n = 2) *

problem 5.8 for £, fU) (n = 2)
problem 5.19 (n = 2)
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t. f. 4: tangent point of £ at u(1) (Hy(u(1),a), fD(u(l), o)

switch to - problem 5.2 for f@) (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.29 for f(0) *

t. f. 5: tangent point of £U) at u(1) (Hy(u(1),a), 9 (u(1), o))

switch to - problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)

- problem 5.7 for fU) (n =2) *
- problem 5.31 for f(0), fU) =

t. f. 6: tangent point of f() at (1)
switch to

(Ha(v(1), @), fO(0v(1),a))

- problem 5.2 for £ (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.30 for £, f()

t. f. 7: tangent point of f©) at (1)
switch to

(Hy(v(1),a), fU) (u(1),a))

- problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)
- problem 5.32 for £, ()

t. f. 8: pseudo-equilibrium at v(1) (n = 2)

(Hy (v(1),0),9(v(1),a))

switch to - problem 5.5
- problem 5.34 for £, ()
note the initial value of «(0) must be specified in

PAR(67),..., PAR(67+n-1) in the user
subroutine SCSTPNT

5.11 An orbit of vector field () connecting a saddle of () with the boundary %

[féi) (v, a)}

u—Tf(i)(u,a) =
7Jﬂf(i)(y,a) =

w—rw =

<w7w> -

(w,y —u(0))
H(u(l), Ct) =

20
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Figure 5: Boundary-value problems corresponding to (A): Subsection 5.11; (B): Subsection 5.12.

n, m 2,1

ma, (B1, - - - Bmy) 5, (y1,y2, w1, wa, V)

ng, Ny 2, 7

I PS, SCI DI FF, NDI M 4,1,2

U(1),....,uNDIM ut, s

F(k), kE=1,2 71 (u, o)

NICP,(I1CP(1),...,1 CP(NI CP)) 6, (11, 67(y1), 68(y2), 69(w1), 70(ws), 71(v))
t. . 1: boundary equilibrium of f® at «(0) | H(u(0),a)

switch to - problem 5.1

problem 5.3 for ()
problem 5.4 for f(®)
- problem 5.5

- problem 5.7 for f(®
- problem 5.16 for f(®)

t. f. 2: branch/limit point Rev, : p = arg ming{|Rev,|}

switch to problem 5.4 for () (branch switching) */
continuation of a limit point bifurcation *

t. f. 3: tangent point of £ at u(1) (Hy(u(1),a), fO(u(1), o))

switch to - problem 5.3 for f(®)

- problem 5.27 for £ *
t. f. 4: tangent point of f), j 4, at u(1) (Hp(u(1), ), f9) (u(1),a))

switch to - problem 5.3 for f()

t. f. 5: pseudo-equilibrium at « (1) (HEX(u(1),a), g(u(1),a))

switch to - problem 5.5
- problem 5.35 for f() *

note the initial value of y must be specified in
PAR(67),..., PAR(67+n-1) in the user

subroutine SCSTPNT
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5.12 A crossing orbit of vector fields f(9, f

(7) (j # 4) connecting a saddle

of £() with the boundary

(18)

o —TifO(u,a) = 0,
U—Tf(] (v,a) = 0,
(y7a) = 0,
. T
[f;gj)(y,a)} w—rvw = 0, v<O0,
(wywy =1 = 0,
(w,y —u(0)) = 0,
H(u(l),a) = 0,
u(l) —v(0) = 0,
H(v(l),a) = 0.
n, m 2,1
md, (B, - -, Bmy) 6, (T, y1,y2, w1, w2, V)
ng, Ny 4, 10
| PS, SCI DI FF, NDI M 4,1,4
U(l),...,U(NDHW Ui, U2, V1, V2
F(k), kE=1,2 7,1 (u, o)
F(k), k=34 7,19 (v, )
NI CP, (| CP( 1) goeeny | CP( NI CP) ) 7, (Il, 62(Tj), 67(3/1), 68(y2), 69(w1), 70(w2),

71(v))

t. f. 1: boundary equilibrium of £ at u(0)
switch to

H(u(0), a)

- problem 5.1

problem 5.3 for f(®)
problem 5.4 for f()
problem 5.5

problem 5.7 for f() *
problem 5.8 for f(®)

- problem 5.16 for f(?)

t. f. 2: branch/limit point
switch to

Rev, : p = arg ming{|Rev,|}
problem 5.4 for () (branch switching) */
continuation of a limit point bifurcation *

t. f. 3: tangent point of £
switch to

at u(1)

(Ho(u(1), @), fO(u(l), @)
- problem 5.3 for ()
- problem 5.27 for f() *

t. f. 4: tangent point of f©) at u(1)
switch to

<Hx(U(1),oz),f(j)(u(l)’a)>
- problem 5.3 for f(J)
- problem 5.7 for f(j) *

t. f. 5: tangent point of f{)
switch to

atv(1)

(Ho(v(1),@), fO(u(1), @)
- problem 5.3 for £

t. f. 6: tangent point of f) at (1)
switch to

(Ho(v(1), @), f9(u(1), 0))
- problem 5.3 for f()
- problem 5.28 for f(0), f(0) =

22



t.f. 7: pseudo-equilibrium at v(1)
switch to

(Hy (v(1),0),9(v(1),a))
- problem 5.5
- problem 5.36 for fU), f(0) *

note

the initial value of y must be specified in
PAR(67),..., PAR(67+n-1) in the user
subroutine SCSTPNT

5.13 A crossing cycle

Sa

S

=

g

—~

—_

R
N — — — —

I

coocooo o

(B)

(19)

Figure 6: Boundary-value problems corresponding to (A): Subsection 5.13; (B): Subsection 5.20.

n, m n, 1l

ma, (B, -+, Bmy) 2, (11, 1Y)

ndg, Ny 2n, 2n + 2

| PS, SCI DI FF, NDI M 4,0, 2n

U l),...,UND M ULy vy Upy Vlyert s Up

F(k),k=1,...,n

Tlf].;(;l) (U,, Ol)

F(k),k=n+1,...,2n

T2f]§2) (fU, Oé)

NI CP,(ICP(1),...,1CP(NICP))

3, (11, 61(11), 62(13))

t. f. 1: tangent point of f() at u(0)

(Ho(u(0), @), fM (u(0), @)
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switch to

- problem 5.2 for f() (n = 3)
- problem 5.3 for f) (n = 2)
- problem 5.7 for f(l) (n =2)*

- problem 5.8 for f(, £ (n = 2)

- problem 5.15 for f(1  f@ =

- problem 5.22 for f(M), £ (n = 2)

t. f. 2: tangent point of £ at u(0)
switch to

(Hy(u(0), ), f) (U(0)7 a))

- problem 5.2 for @ (n = 3)
- problem 5.3 for @ (n=2)

t. f. 3: tangent point of f() at (1)
switch to

(Hp(u(1),a), fO(u

(1), )
- problem 5.2 for f() (n = 3)
- problem 5.3 for f(l) (n=2)

t. f. 4: tangent point of £ at u(1)
switch to

(Hz(u(1),a), ¥ (u(1), @))

- problem 5.2 for f( ) (n = 3)
problem 5.3 for f(2) (n =2)
problem 5.7 for f(2) (n = 2) *

problem 5.15 for f(2), f(1) =

problem 5.8 for @), f(1) (n = 2) *

problem 5.22 for ), f(1) (n = 2) *

5.14 Asliding cycle with a standard orbit of vector field f(?)

U — Tzf(z) (u’ Oé) = 0,
$—=Tog(s,a) = 0,
H(u(0),a) = 0,
(Ho(u(0), @), f@ (u(0),0)) = 0,
s(0) —u(l) = 0,
L s(1) —u(0) = 0,
Sj u(0) = slv)_ e
= v(0)
2(:

(20)

Figure 7: Boundary-value problems corresponding to (A): Subsection 5.14; (B): Subsection 5.15.
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n, m n,l

mgq 2, (T, Tp)

N, Np 2n,2n + 2

| PS, SCI DI FF, NDI M NBC 4,1,2n,2n + 2

U l),...,UND M ULy .o vy Uy S1y+--,Sn
F(k),k=1,...,n T, 1\ (u, )

F(k), k=n+1,...,2n Tog(s, @)

NI CP, (I CP(1),...,1 CP(NICP))

t.f. 1: boundary equilibrium of £ at (0)
(n=2)
switch to

3, (1(e), 60(T5), 61(77))
(Hy (u(0), @), f¥) (u(0), @)
- problem 5.4 for £

- problem 5.5
- problem 5.16 for f(®)

t. f. 2: tangent point of fU), j # i, at u(0)
switch to

(Hz(u(0), @), f9) (u(0), a))

- problem 5.2 for fU) (n = 3)
- problem 5.3 for f\9) (n = 2)
- problem 5.5 (n = 2)

- problem 5.9 for f®) (n = 2) *

t. f. 3: tangent point of £ at u(1)
switch to

- problem 5.19 (n = 2)
(He(u(1), @), fO (u(1), @)

- problem 5.2 for £ (n = 3)

- problem 5.3 for £ (n = 2)

- problem 5.21 for f() (n = 2) *

t. f. 4: tangent point of fU), j # 4, at u(1)
switch to

(Ho(u(1), @), f9 (u(1), a))

- problem 5.2 for fU) (n = 3)

- problem 5.3 for f\9) (n = 2)

- problem 5.8 for f(), () (n = 2) *
- problem 5.23 for f@, fU) (n = 2) *
- problem 5.15 for f(@), ) *

t. f. 5: pseudo-equilibrium at «(1) (n
switch to

2)

(HZ (u(1), ), g(u(1), )
- problem 5.5
- problem 5.25 for £ *
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5.15 Asliding cycle with standard orbits of vector fields £ and fU) (j # )

(21)

u— Tlf(z) (u,) = 0,
U—ij(j)(’U,Oé) = 0,
$—=Tog(s,a) = 0,
H(u(0),a) = 0,
(Hy(u(0), @), f@ (u(0),0)) = 0,
H(u(l),a) = 0,
v(0) —u(l) = 0,
s(0) —v(1) = 0,
s(1) —u(0) = 0,
n, m n, 1l
md, (B1, - - -5 Bmy) 2, (13,1}, Tp)
Ny, Np 3n,3n+3
I PS, SCI DI FF, NDI M NBC 4,1,3n,3n+3
Ud,...,UND M ULy vy Upy Vlye v sUpy S1y- -+, 8p
F(k),k=1,...,n Tifki)(u,oz)
F(k),k=n-+1,...,2n T £ (u, )
F(k),k=2n+1,...,3n Tog(s, @)

NI CP, (I CP(1),...,1 CP(NICP))

4, (1(e), 60(T), 61(T3), 62(T}))

t.f. 1: boundary equilibrium of £ at (0)

(n=2)
switch to

(Hy (w(0), @), f9 (u(0), )

- problem 5.4 for f(®
- problem 5.5
- problem 5.16 for f(?)

t. f. 2: tangent point of £U) at u(0)

switch to

(Hz(u(0), @), f9) (u(0), a))

- problem 5.2 for fU) (n = 3)

- problem 5.3 for f\9) (n = 2)
problem 5.5 (n = 2)

problem 5.9 for f®) (n = 2) *
problem 5.10 for £, @) (n = 2) *
problem 5.19 (n = 2)

t. f. 3: tangent point of £ at «(1)

switch to

(Ho(u(1),a), f (u(1), )

- problem 5.2 for £ (n = 3)

- problem 5.3 for £ (n = 2)

- problem 5.21 for £ (n = 2) *

t. f. 4: tangent point of f©) at u(1)

switch to

(Ho(u(1),a), f9 (u(1), o))

- problem 5.2 for fU) (n = 3)

- problem 5.3 for fU) (n = 2)

- problem 5.7 for f@) (n = 2) *

- problem 5.23 for f@, fU) (n = 2) *

t. f. 5: tangent point of f at (1)

(Ho(v(1), ), fO(v(1), @)
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switch to - problem 5.2 for £ (n = 3)
- problem 5.3 for f) (n = 2)
- problem 5.22 for f@, fU) (n = 2) *

t. f. 6: tangent point of f) at (1) (H.(v(1),a), f9(v(1),a))

switch to - problem 5.2 for fU) (n = 3)

- problem 5.3 for f\9) (n = 2)

- problem 5.24 for f(), () (n = 2) *

t. f. 7: pseudo-equilibrium at v(1) (n = 2) (HX(v(1),0),g(v(1),a))
switch to - problem 5.5
- problem 5.26 for £, ) *

5.16 A boundary equilibrium of vector field f ()

(22)

f(l) (1’, a) = 0,
{ H(z,a) = 0
n, m n, 2
my 0
ng n+1
| PS, SCI DI FF, NDI M 0,0,n+1
U l),...,UND M Tly.nny Ty Q9
F(k),k=1,...,n (@, a)
F(n+1) H(z,«a)
NI CP, (1 CP(1),....1 CP(NI CP)) 2, (11, LPAR( 1) =U(n + 1))
t. f. 1: Hopf Rev, : p = argming{|Rev,| : Imy, # 0}
switch to continuation of a Hopf bifurcation *
t. f. 2: branch/limit point Rev, : p = arg ming{|Reyy,| : Imy, = 0}
switch to problem 5.4 for () (branch switching) */
continuation of a limit point bifurcation *
t. f. 3: tangent point of f@), j £ (Hy(z,0), f9(z,a))
switch to - problem 5.2 for fU) (n = 3)
- problem 5.3 for f\9) (n = 2)
- problem 5.19 (n = 2)

5.17 A pseudo-saddle-node bifurcation

n, m n, 2
| PS, SCI DI FF, NDI M 0,0,n+2
U(l),,U(NDl'VI) :L’l,...,:L‘n,)\l,)\Q
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F(k), k=1,....n M (@, 0) + A7 (2, )
F(n+1) H(z,«)

F(n+2) A+ —1

NI CP, (| CP(1),...,1 CP(NI CP)) 2, (I, I2)

t. f. 1: boundary equilibrium of £ Ao

switch to

- problem 5.2 for (1)
- problem 5.3 for f(1)
- problem 5.4 for f()

(n=3)
(n=2)

- problem 5.16 for f()

t. f. 2: boundary equilibrium of f®)
switch to

A1

- problem 5.2 for f(2)
- problem 5.3 for f(2
- problem 5.4 for f(2

(n=3)

) (n = 2)

- problem 5.16 for f(2)

t. f. 3: singular sliding point
switch to

(Hy(z,a), fY (z,0))
- problem 5.2 for f(®)
- problem 5.3 for f(®)
- problem 5.19 (n =

and for fU) (n = 3)
and for ) (n = 2)

2)

note | SW=2
5.18 A double tangency bifurcation of vector field f ()
n, m 2,2
| PS, SCI DI FF, NDI M 0,1,2
U(1),... .U NDM 21, 2
F(1) H(z,«)
F(2) (He(,0), O (x,q))
NI CP, (1 CP(1),...,1 CP(NI CP)) 2, (I, I)

t. . 1: boundary equilibrium of £
switch to

(Hy (z,a), fO(z, a))
- problem 5.4 for f(®)
- problem 5.5

- problem 5.16 for f(®)

t. f. 2: tangent point of f(), j £ i
switch to

(Hy(z,a), fU) (2, @))
- problem 5.3 for f(@)
- problem 5.5
- problem 5.19

note

| SW=2
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5.19 Coinciding tangent points

{ <H$(l'aa)af(1)(x’a)> = 0, (23)
(Hy(x,0). FO(x,0)) = 0
n,m 2,2
my 0
ng 3
| PS, SCI DI FF, NDI M 0,1,3
U(l),...,U(NDH\/D T, T2, 09
F(1) H(z,«)
F(2) (Ha(z,0), fO(,a))
F(3) (Ha(z,0), [P (2, 0))
NI CP, (1 CP(1),....1CP(NI CP)) 2, (I, LIPAR( 1) =U(3)))
t. . 1: boundary equilibrium of f() (HX(z,a), fD(z,))
switch to - problem 5.4 for f(1)
- problem 5.16 for f()
t. f. 2: boundary equilibrium of f(® (HL(z,a), fP(z,a))
switch to - problem 5.4 for (2
- problem 5.16 for f(2)
t. f.: double tangency AuUTO97 limit point
switch to problem 5.18 for f(1) or for f(2) *
5.20 A touching (grazing) cycle of vector field f ()
0—TfD(u,a) = 0,
H(u(0),a) = 0, (24)
(Ho(w(0), @), fO(u(0),@)) = 0,
u(0) —u(l) = 0
n, m n, 2
ma, (B, - -+, Bmy) 1, (T)
Nd, Ny n,n+2
| PS, SCI DI FF, NDI M 7,1,n
U(1),...,uNDIM U1yt

F(k),k=1,...,n

T (u,0)

NI CP, (I CP(1),...,1CP(NICP))

3, ({1, I, 61(T)) A

t.f. 1: boundary equilibrium of @ at (0)
(n=2)
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switch to

- problem 5.4 for f(®)
- problem 5.5
- problem 5.16 for f(?)

t. f. 2: tangent point of fU), j # i, at u(0)
switch to

(Hz(u(0), @), f9) (u(0), a))

- problem 5.2 for fU) (n = 3)
problem 5.3 for f(9) (n = 2)
problem 5.5 (n = 2)
problem 5.8 for £, ) (n = 2) *
problem 5.15 for f(0), f() *
problem 5.9 for f() (n = 2)
problem 5.10 for f@, fU) (n = 2) *
problem 5.19 (n = 2)
problem 5.23 for £, f(9) (n = 2)
problem 5.25 for £ (n = 2)
problem 5.29 for () (n = 2)
problem 5.31 for £, f9) (n = 2)

t. f.: branch AUTO097 branch

switch to problem 5.20 for £() (branch switching)

t. f.; limit point AUTO97 limit point

switch to continuation of a limit point bifurcation

t. f.. period doubling AUTO97 period doubling

switch to continuation of a period doubling bifurcation
t. f.: torus AUTO97 torus

switch to continuation of a torus bifurcation

5.21 An orbit of vector field f(*) connecting two tangent points of f(*)

H(u(0),
(Ho(u(0), @), fO (u(0), )
H(u(1),
<Hx(u(1)7 a)? f(l) (u(1)7 o
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Figure 8: Boundary-value problems corresponding to (A): Subsection 5.21; (B): Subsection 5.22.

(B)

n, m 2,2
ma, (B1; - - - Bmy) 1, (T)
ng, N 2,4
| PS, SCI DI FF, NDI M 4,1,2
Ud,...,UND M U1, Ug

F(k), k=1,2

T (u, )

NI CP, (I CP(1),...,1CP(NICP))

3, (I1, I, 61(T))

t. f. 1: boundary equilibrium of £ at u(0)
switch to

(Hz (u(0),a), £ (u(0), )
- problem 5.4 for f(®

- problem 5.5

- problem 5.16 for £

t. f. 2: tangent point of £, j # 4, at u(0)
switch to

<H€E (U(O), a)v f(j) (U(O), a)>
- problem 5.3 for f()

- problem 5.5

- problem 5.9 for f(®

- problem 5.19

- problem 5.29 for £

t. f. 3: boundary equilibrium of £ at u(1)
switch to

(Hy (u(1), @), fO (u(1), @)
- problem 5.4 for f(®)

- problem 5.5

- problem 5.16 for £

- problem 5.25 for f(?)

t. f. 4: tangent point of fU), j # 4, at u(1)
switch to

(He(u(1), @), f9 (u(1), a))
- problem 5.3 for f(7)

- problem 5.5

problem 5.8 for f®, f() *
problem 5.19

problem 5.23 for £, f(7)
problem 5.25 for f(*)
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5.22 A crossing orbit of vector fields @), f(4) (j # 7) connecting two

tangent points of f(*)

(26)

o= TifO(u,0) = 0,
b —Tjf9(v,0) = 0,
H(u(0),0) = 0,
(He(w(0), @), fD(u(0),0)) = 0,
H(u(l)va) = 0,
u(l) —v(0) = 0,
H(v(l),a) = 0,
(Ho(v(1),0), fD(0(1),0)) = 0.
n, m 2,2
ma, (B1; - - -5 Bmy) 2, (13, 1))
Ng, Np 4,7
I PS, SCI DI FF, NDI M 4,1, 4
U(l),...,U(NDHW U1, U2, V1, U2
F(k), k=1,2 7,1 (u, o)
F(k), k=34 71 (v, )

NI CP, (1 CP(1),...,1 CP(NI CP))

4, (I, I, 61(T3), 62(T3))

t. . 1: boundary equilibrium of £ at «(0)
switch to

(Hy (u(0), @), D (u(0),a))
- problem 5.4 for f(®
- problem 5.5

t. f. 2: tangent point of £U) at u(0)
switch to

- problem 5.16 for f(?)
(Hz(u(0), @), f9) (u(0), a))
- problem 5.3 for f(@)

- problem 5.5

problem 5.9 for f(®) *
problem 5.10 for £, ()
problem 5.19

problem 5.30 for £, ()

t. f. 3: tangent point of £ at u(1)
switch to

(Ho(u(1), @), O (u(1), @)
- problem 5.3 for f(®)
- problem 5.21 for f(0) *

t. f. 4: tangent point of £\ at u(1)
switch to

(Ho(u(1), @), f9 (u(1), a))
- problem 5.3 for f(@)
- problem 5.7 for f0) *

- problem 5.23 for fU), £

- problem 5.23 for f®, f0) *
A

t. f. 5: boundary equilibrium of £ at v(1)
switch to

(Hz(v(1), ), f9 (0(1), )
- problem 5.4 for f(®)

- problem 5.5

- problem 5.16 for £

t. f. 6: tangent point of f() at (1)

(Ho(v(1), ), f9(v(1), @)
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problem 5.3 for f(/)
problem 5.5

problem 5.19

problem 5.24 for £, ()
problem 5.26 for £, ()

switch to

5.23  An orbit of vector field f(*) connecting a tangent point of () with a
tangent point of f(9) (j # 1)

U — Tf(i)(u,oz) = 0,

H(u(O),a) = 0,
(Ha(u(0), @), fO(u(0),0)) = 0, 27)

H(u(l),0) = 0,

<Hx(u(1)7a>7f(])(u(1) «Q > O

Figure 9: Boundary-value problems corresponding to (A): Subsection 5.23; (B): Subsection 5.24.

n, m 2,2
md, (B1; - - -5 Bmy) 1, (T)
ng, N 2,4
I PS, SCI DI FF, NDI M 4,1,2
U l),...,UND M U1, U9
F(k), k=1,2 T (u, )
NI CP, (1 CP(1),...,1 CP(NI CP)) 3, (I, I, 61(1))
t. . 1: boundary equilibrium of f® at «(0) | (H(u(0), ), f@ (u(0),a))
switch to - problem 5.4 for f(®
- problem 5.5
- problem 5.16 for £
t. f. 2: tangent point of ) at u(0) (H,(u(0), a), £9) (u(0), @)
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switch to

problem 5.3 for f()
problem 5.5

problem 5.9 for £
problem 5.10 for f(®), f() *
problem 5.19

- problem 5.31 for f(®, (%)

t. . 3: boundary equilibrium of £ at u(1)
switch to

(Hi (u(1),q), f9) (u(1), a))
- problem 5.4 for f()

- problem 5.5

- problem 5.16 for ()

t. f. 4: tangent point of £ at «(1)
switch to

- problem 5.25 for £
(Ho(u(1),a), f (u(1), )
- problem 5.3 for f(®)

- problem 5.5

problem 5.19

problem 5.21 for f()
problem 5.25 for f()

5.24 A crossing orbit of vector fields £, fU) (j # i) connecting a tangent

point of £ with a tangent point of f()

I
OO0 0O O

~—
~ N S N

(28)

n, m

M, (517 s 7ﬁmd)

nd, 1y

I PS, SCI DI FF, NDI M

4,1, 4

U(1),...,U(NDI'M

U1, U2, V1, U2

F(k), k=1,2

TszZ) (u’ Oé)

F(k), k=34

7,1 (v, )

NI CP, (1 CP(1),...,1 CP(NI CP))

t. . 1: boundary equilibrium of £ at «(0)
switch to

4, (I1, I3, 61(T3), 62(T7))
(Hi (w(0), ), fD (u(0), a))
- problem 5.4 for f(®)

- problem 5.5

- problem 5.16 for f(?)
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t. f. 2: tangent point of £U) at u(0)
switch to

(Hz(u(0), @), f9) (u(0), a))
- problem 5.3 for f(@)

- problem 5.5

problem 5.9 for f(i) *
problem 5.10 for £, ()
problem 5.19

problem 5.32 for £, ()

t. f. 3: tangent point of £ at «(1)
switch to

(He(u(1),a), fO(u(1), o))
- problem 5.3 for ()
- problem 5.21 for f(0) *

t. f. 4: tangent point of £\ at u(1)
switch to

(Ho(u(1), @), f9 (u(1), a))

- problem 5.3 for f@)

- problem 5.7 for f() *

- problem 5.21 for (@) *

- problem 5.23 for f(@), ) *

t. f. 5: boundary equilibrium of £ at v(1)

switch to

(Hz(v(1), ), f9) (u(1), @)
- problem 5.4 for f(@)

- problem 5.5

- problem 5.16 for f(/)

t. f. 6: tangent point of f() at (1)
switch to

(H,(v(1), @), fD(v(1), a))
- problem 5.3 for f®

- problem 5.5

- problem 5.19

- problem 5.22 for f@, f0)

5.25 An orbit of vector field f(*) connecting a tangent point of () with a

pseudo-equilibrium

(v, a) = 0,
H(U(O)a Oé) = 0,
(u(0),0)) = 0,
H(u(l)aa) = 0,

)(u(l)va) =0, J 7& i,
—1 0.

(29)



(4)

Figure 10: Boundary-value problems corresponding to (A): Subsection 5.25; (B): Subsection 5.26.

n, m n, 2
ma, (B, -+, Bmy) 3, (T', Ai, Aj)
Ng, Ny n,n+4
I PS, SCI DI FF, NDI M 4,1, n
UW(1),.. . UNDM TS
F(k),k=1,...,n T (u,a)
NI CP, (1 CP(1),....1 CP(NI CP)) 5, (I1, T2, 61(1), 63(\;), 64(),))
t.f. 1: boundary equilibrium of f® at w(0) | (H-(u(0), ), f@ (u(0),a))
n=2
switch(to : - problem 5.4 for f(®)
- problem 5.5
- problem 5.16 for f(?)
t. f. 2: tangent point of £U) at u(0) (H,(u(0), a), £f9) (u(0), @)
switch to - problem 5.2 for fU) (n = 3)

- problem 5.3 for f\9) (n = 2)
- problem 5.5 (n = 2)

- problem 5.9 for £ (n = 2)
- problem 5.19 (n = 2)

t.f. 3: boundary equilibrium of f® atu(1) | \;

switch to - problem 5.2 for f0

'(n=3)
- problem 5.3 for f®) (n = 2)
- problem 5.4 for f(®)
- problem 5.16 for f(
t. f. 4: boundary equilibrium of f0) atu(1) | \;
switch to - problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)
(4)

i)

- problem 5.4 for fV

- problem 5.8 for £, f(0) (n = 2) *
- problem 5.16 for ()

- problem 5.23 for £, f(0) (n = 2)
t. f. 5: singular sliding point at u(1) (H,(u(1), ), fD(u(1),a))
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switch to

problem 5.2 for () and for f(@) (n = 3)
problem 5.3 for £ and for f\¢) (n = 2)
problem 5.8 for £, ) (n = 2) *
problem 5.19 (n = 2)

problem 5.21 for £ (n = 2)

- problem 5.23 for £, f(0) (n = 2)

note

the initial value of w(1) must be specified
in PAR(67+n) ,..., PAR(67+2n- 1) inthe
user subroutine SCSTPNT

5.26 A crossing orbit of vector fields ), fU) (j # i) connecting a tangent
point of £(?) with a pseudo-equilibrium

coocooococoo o

(30)

n, m

n, 2

M, (517 s 7ﬁmd)

41 (E’z}’ )‘ia )‘_])

nd, 1y

2n,2n+5

| PS, SCI DI FF, NDI M

4.1, 2n

U(1),...,U(NDI'M

Uy yUp, V1y...,Upn

F(k),k=1,...,n

Tzf]gZ) (u’ Oé)

F(k),k=n+1,...,2n

T]flgj) (U7 CM)

NI CP, (1 CP(1),....1 CP(NI CP)) 6, (I1, I2, 61(1}), 62(1;) 63(\;), 64(1,))
t.f. 1: boundary equilibrium of f® at w(0) | (H-(u(0), ), f@ (u(0),a))

(n=2)
switch to - problem 5.4 for ()

- problem 5.5
- problem 5.16 for £

t. f. 2: tangent point of f©) at u(0)
switch to

(Ho(u(0),a), f9 (u(0), o))

- problem 5.2 for fU) (n = 3)

- problem 5.3 for f\9) (n = 2)
problem 5.5 (n = 2)

problem 5.9 for f() (n = 2) *
problem 5.10 for f@, fU) (n = 2)
problem 5.19 (n = 2)
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t. f. 3: tangent point of £ at u(1)
switch to

(He(u(1),a), fD(u(1), o))

- problem 5.2 for f@) (n = 3)

- problem 5.3 for £ (n = 2)

- problem 5. 21 for f@ (n=2)*

t. f. 4: tangent point of £\ at u(1)
switch to

(Hz(u(1),a), fY(u(l), a))

- problem 5.2 for f(ﬂ) (n = 3)

- problem 5.3 for f(ﬂ (n =2)

- problem 5.7 for fU) (n = 2) *

- problem 5.23 for f@, fU) (n = 2) *
- problem 5.25 for f(@) *

t.f. 5: boundary equilibrium of f® atwv(1) | \;
switch to - problem 5.2 for £ (n = 3)

- problem 5.3 for £ (n = 2)

- problem 5.4 for f(®)

- problem 5.16 for f(?)

- problem 5.22 for £, fU) (n = 2)
t. f. 6: boundary equilibrium of fU) atv(1) | \;

switch to

- problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)
- problem 5.4 for (@)

- problem 5.16 for ()

t. f. 7: singular sliding point at v(1)
switch to

(Ho(v(1),0), fD(v(1),q))

- problem 5.2 for £ and for fU) (n = 3)
- problem 5.3 for f() and for fU) (n = 2)
problem 5.19 (n = 2)

problem 5.22 for @, fU) (n = 2)
problem 5.24 for @, fU) (n = 2)

note

the initial value of v(1) must be specified
in PAR(67+n) ,..., PAR(67+2n- 1) inthe
user subroutine SCSTPNT

5.27 An orbit of vector field £ connecting a tangent point of f(*) to a saddle

38
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Figure 11: Boundary-value problems corresponding to (A): Subsection 5.27; (B): Subsection 5.28.

\ (1) = v(0)

(B)

n,m 2,2

mq, (B1, - -, Bmy) 5, (Y1, y2, w1, wa,v)
N, Np 2,8

| PS, SCI DI FF, NDI M 4,1,2
U(1),...,U(NDI'M w1, u

F(k), k=1,2

T (u,0)

NI CP,(ICP(1),...,1CP(NICP))

7’ (Ilr 121 67(y1)1 68(y2)1 69(11)1), 70(11}2),
71(v))

t. . 1: boundary equilibrium of £ at «(0)
switch to

(HE(u(0), ), [T (u(0), a))
- problem 5.4 for f(®)
- problem 5.5

t. f. 2: tangent point of fU), j # i, at u(0)
switch to

- problem 5.16 for f(?)

(He(u(0), ), f9 (u(0), a))
- problem 5.3 for f()

- problem 5.5

- problem 5.19

- problem 5.35 for £
t. f. 3: boundary equilibrium of f® atu(1) | H(u(1),«)
switch to - problem 5.1

- problem 5.3 for f(®
- problem 5.4 for f(®)
- problem 5.5

- problem 5.7 for f(®
- problem 5.16 for f(?)
- problem 5.21 for f(?)
- problem 5.25 for £

t. f. 4: branch/limit point
switch to

Rev, : p = arg ming{|Rev,|}
problem 5.4 for £ (branch switching) */
continuation of a limit point bifurcation *
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note the initial value of y must be specified in
PAR(67+n),..., PAR(67+2n-1) in the
user subroutine SCSTPNT
5.28 A crossing orbit of vector fields ), fU) (j i) connecting a tangent
point of £(¥ to a saddle of f()
U_Tif(l (uva) = 0,
v—ij(j (v,a) = 0,
H(u(0),a) = 0,
(Hy(w(0), @), fO(u(0),0)) = 0,
H(u(l),a) = 0,
u(l) —v(0) = 0, (32)
f J (y,Oé) = 0,
. T
fggj)(y,a)} —vw = 0, v>0,
< ) > -1 =0,
(w,y—ov(1)) = 0.
n, m 2,2
ma, (B1; - - - Bmy) 6, (T3, Y1, Y2, w1, w2, V)
Ny Mp 4,11
| PS, SCI DI FF, NDI M 4,1,4
U(l),...,U(NDHW ui, Uz, V1, U2
F(k), k=1,2 7,1 (u, o)
F(k), k=34 7,19 (v, )
NI CP, (| CP( 1) goeeny | CP( NI CP)) 8, (Il, IQ, 61(TZ‘), 67(3/1), 68(3/2), 69(w1),

70(w>), 71(v))

t. f. 1: boundary equilibrium of £ at u(0)
switch to

(Hz (u(0),a), £ (u(0), )
- problem 5.4 for f(®

- problem 5.5

- problem 5.16 for £

- problem 5.35 for f(@) *

t. f. 2: tangent point of £U) at u(0)
switch to

(Ho(u(0), o), fD (u(0), o))
- problem 5.3 for f©)

- problem 5.5

problem 5.9 for f( *
problem 5.19

problem 5.36 for £, f()

t. f. 3: tangent point of £ at u(1)
switch to

(Ho(u(1), @), O (u(1), a))
- problem 5.3 for £
- problem 5.21 for £ *
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t. f. 4: tangent point of £\ at u(1)
switch to

(Ho(u(1), @), f9 (u(1), a))

- problem 5.3 for f(@)

- problem 5.23 for f(@), () *
- problem 5.27 for (@) *

switch to

t. . 5: boundary equilibrium of £ at v(1)

H(w(D), o)

- problem 5.1

- problem 5.3 for f©)

- problem 5.4 for f()

- problem 5.5

- problem 5.8 for f@, fU)
- problem 5.16 for ()

- problem 5.24 for £, f(0)
- problem 5.26 for f®, f0)

t. f. 6: branch/limit point

Rev, : p = arg ming{|Rev,|}

switch to problem 5.4 for fU) (branch switching) */
continuation of a limit point bifurcation *
note the initial value of y must be specified in

PAR(67+n) ,..., PAR(67+2n-1) in the
user subroutine SCSTPNT

5.29 An orbit of vector field £ connecting a pseudo-equilibrium with a
tangent

point of f(*)

(33)

Figure 12: Boundary-value problems corresponding to (A): Subsection 5.29; (B): Subsection 5.30.
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n, m n, 2

mda, (B, - -, Bmy) 3, (T, \i, \j)

Nd, Ny n,n+4

| PS, SCI DI FF, NDI M 4,1, n

U l),...,UND M Uy - nnyUp

F(k),k=1,...,n T (u, )

NI CP, (1 CP(1),...,1 CP(NI CP)) 5, (I1, I, 61(T), 63(\;), 64(\;))

t.f. 1: boundary equilibrium of f® at u(0) | A;

switch to - problem 5.2 for £ (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.4 for f(®)
- problem 5.16 for £

t. f. 2: boundary equilibrium of fU) at u(0) | \;

switch to - problem 5.2 for fU) (n = 3)
- problem 5.3 for f(ﬂ> (n =2)
- problem 5.4 for (@)
- problem 5. 16 for 1)

t. f. 3: singular sliding point at «(0) (Hy(u(1),a), fO(u(l), o))

switch to - problem 5.2 for £ and for fU) (n = 3)

- problem 5.3 for f() and for fU) (n =
- problem 5.7 for f\* (n = 2)

- problem 5.19 (n = 2)

- problem 5.21 for £ (n = 2)

(1
0
) 2)
0

t.f. 4: boundary equilibrium of f@ at (1)
(n=2)
switch to

(Hy (u(1),a), fO (u(1), a))

- problem 5.4 for f(®
- problem 5.5
- problem 5.16 for £

t. f. 5: tangent point of f() at u(1)
switch to

(Ho(u(1),a), 9 (u(1), o))

- problem 5.2 for fU) (n = 3)
problem 5.3 for f(9) (n = 2)
problem 5.5 (n = 2)
problem 5.10 for £, £(@)
problem 5.19 (n = 2)
problem 5.31 for £, ()

*

note

the initial value of «(0) must be specified in
PAR(67),..., PAR(67+n-1) in the user
subroutine SCSTPNT
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5.30 A crossing orbit of vector fields f(), f

() (j # 1) connecting a

pseudo-equilibrium with a tangent point of f ()

(34)

u—Tif(i)(u,oz) 0,
0=TifP(v,a) = 0,
H(u(0),a) = 0,
Aif @D (u(0), @) + A f D (w(0),a) = 0,
Ai+A—1 = 0,
H(u(l),a) = 0,
u(l) —v(0) = 0,
H(v(1),a) = 0,
(He(v(1), @), fO (0(1), ) 0.
n, m n, 4
md, (B1; - - -5 Bmy) 4, (T3, Ty, Nis \j)
N, Np 2n,2n+5
| PS, SCI DI FF, NDI M 4,1, 2n
U l),...,UND M ULy vy Upy Vlyern s Up
F(k),k=1,...,n T, (u, )
F(k),k=n+1,...,2n ijlgj)(v,oz)
NI CP,(ICP(1),..., CP(NI CP)) 6, (11, I, 61(73), 62(T}), 63()\;), 64();))

t. f. 1: boundary equilibrium of £ at u(0)
switch to

Aj

- problem 5.2 for f(®)
- problem 5.3 for f(®)
- problem 5.4 for f(®
- problem 5.16 for f(®)

(n = 3)
(n=2)

t. . 2: boundary equilibrium of £ at u(0)
switch to

Ai

- problem 5.2 for fU) (n = 3)
- problem 5.3 for f\9) (n = 2)
- problem 5.4 for f()

- problem 5. 16 for @)

t. f. 3: singular sliding point at «(0)
switch to

(Ha(u(1), @), f9 (u(1), )
- problem 5.2 for £ and for fU) (n = 3)
problem 5.3 for () and for f(¢) (n = 2)
(
(

problem 5.7 for ) (n = 2) *
problem 5.8 for £, f(0) (n = 2)
problem 5.19 (n = 2)

problem 5.22 for @, fU) (n = 2)

t. f. 4: tangent point of f()
switch to

at u(1)

(Ho(u(1),a), O (U(l)a )

- problem 5.2 for £ (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.29 for f() *

t. f. 5: tangent point of f() at u(1)
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switch to

problem 5.2 for f(9) (n = 3)
problem 5.3 for f(9) (n = 2)
problem 5.7 for f@) (n = 2) *
problem 5.23 for £, f(0) (p = 2) *
- problem 5.31 for £, fU) *

t.f. 6: boundary equilibrium of ) at v(1)
(n=2)
switch to

(Hy (v(1), @), fU (v(1), @)

problem 5.4 for ()
problem 5.5

problem 5.16 for f(®)

- problem 5.34 for £, ()

t. f. 7: tangent point of f() at (1)
switch to

(Ho(v(1), @), f9(u(1), )

- problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)
- problem 5.5 (n = 2)

- problem 5.19 (n = 2)

- problem 5.32 for £, ()

note

the initial value of «(0) must be specified in
PAR(67),..., PAR(67+n-1) in the user
subroutine SCSTPNT

5.31

An orbit of vector field £ connecting a pseudo-equilibrium with a

tangent point of f(9) (j # 1)

u—TfC

Aif O (u(0), @) + A f9 (u(0

(u, @)
H(u(0), @)
) @)

1

)

)

Ai + )\j —
H(u(l),
(He(u(1),a), f9) (u(1), 0

coooo oo

(35)

Figure 13: Boundary-value problems corresponding to (A): Subsection 5.31; (B): Subsection 5.32.
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n, m n, 2

mda, (B, - -, Bmy) 3, (T, \i, \j)

Nd, Ny n,n+4

| PS, SCI DI FF, NDI M 4,1, n

U l),...,UND M Uy - nnyUp

F(k),k=1,...,n T (u, )

NI CP, (1 CP(1),....1 CP(NI CP)) 5, (I1, I, 61(T), 63(\;), 64(\;))

t.f. 1: boundary equilibrium of f® at u(0) | A;

switch to - problem 5.2 for £ (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.4 for f(®)
- problem 5.16 for £

t. f. 2: boundary equilibrium of fU) at u(0) | \;

switch to - problem 5.2 for fU) (n = 3)
- problem 5.3 for f(ﬂ> (n =2)

(4)

- problem 5.4 for fU
- problem 5. 16 for @)

t. f. 3: singular sliding point at «(0)
switch to

(Ho(u(1), @), fO (u(1), )
- problem 5.2 for £ and for fU) (n = 3)
problem 5.3 for £ and for f\¢) (n = 2)
(
(

problem 5.7 for f() (n = 2)
problem 5.8 for £, ) (n = 2) *
problem 5.19 (n = 2)
problem 5.23 for f(*), £(9)

(n=2)

t. f. 4: boundary equilibrium of £ at u(1)
(n=2)
switch to

(Hy (u(1), ), f9) (u(1), @)

problem 5.4 for ()
problem 5.5

problem 5.16 for f(/)
problem 5.33 for f(*)

t. f. 5: tangent point of ()
switch to

at u(1)

(H,(u(1), ), O (u(1). )

- problem 5.2 for £ (n = 3)
problem 5.3 for f() (n = 2)
problem 5.5 (n = 2)
problem 5.19 (n = 2)
problem 5.29 for f(?)

note

the initial value of «(0) must be specified in
PAR(67),..., PAR(67+n-1) in the user
subroutine SCSTPNT
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5.32 A crossing orbit of vector fields f(9), f

() (j # 1) connecting a

pseudo-equilibrium with a tangent point of f (/)

Coooo0o o000 o

(36)

n, m

n, 4

mq, (/617 cee 7/8md)

4; (Iﬂivjt’]'v )\iv )\])

nd, 1y

2n,2n+5

I PS, SCI DI FF, NDI M

4,1, 2n

U(1),...,UNDI'M

Ulye oo s Up, U1y

F(k),k=1,...,n

Tiflgi) (u7 CM)

F(k),k=n+1,...,2n

ijlgj) (fU, Oé)

NI CP, (I CP(1),...,1 CP(NI CP))

6, (I1, I, 61(13), 62(T7), 63();), 64(),))

t. f. 1: boundary equilibrium of £ at u(0)
switch to

Aj

- problem 5.2 for f(®)
- problem 5.3 for f(®)
- problem 5.4 for f(®
- problem 5.16 for f(®)

(n = 3)
(n=2)

t. . 2: boundary equilibrium of £ at u(0)
switch to

Ai

- problem 5.2 for fU) (n = 3)
- problem 5.3 for f\9) (n = 2)
- problem 5.4 for f()

- problem 5. 16 for @)

t. f. 3: singular sliding point at «(0)
switch to

(Ha(u(1), @), f9 (u(1), )
- problem 5.2 for £ and for fU) (n = 3)
problem 5.3 for () and for f(¢) (n = 2)
(
(

problem 5.7 for ) (n = 2) *
problem 5.8 for £, f(0) (n = 2)
problem 5.19 (n = 2)

- problem 5.24 for £, fU) (n = 2)

t. f. 4: tangent point of f()
switch to

at u(1)

(Ho(u(1),a), O (U(l)a )

- problem 5.2 for £ (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.29 for f() *

t. f. 5: tangent point of f() at u(1)
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switch to

problem 5.2 for f(9) (n = 3)
problem 5.3 for f(9) (n = 2)
problem 5.7 for f@) (n = 2) *
problem 5.21 for f() (n = 2) *
problem 5.31 for £, () *

t.f. 6: boundary equilibrium of fU) at v(1)
(n=2)
switch to

(Hy (v(1),0), f9 (v(1), @)

- problem 5.4 for f(@)
- problem 5.5
- problem 5.16 for f()

t. f. 7: tangent point of £ at v(1)
switch to

(Ho(0(1), @), fO (u(1), )

- problem 5.2 for £ (n = 3)
problem 5.3 for f() (n = 2)
problem 5.5 (n = 2)
problem 5.19 (n = 2)
problem 5.30 for £, £()

note

the initial value of «(0) must be specified in
PAR(67),..., PAR(67+n-1) in the user
subroutine SCSTPNT

5.33  An orbit of vector field f(*) connecting two pseudo-equilibria

J# 1,

I
coococooo

@37)

Figure 14: Boundary-value problems corresponding to (A): Subsection 5.33; (B): Subsection 5.34.
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n, m 2,2

my, (ﬁl,...,ﬁmd) 5, (T,)\i,)\j,,ul-,,uj)
Ng, Ny 2,8

| PS, SCI DI FF, NDI M 4,0,2
U(1),...,U(NDI'M Uy, U

F(k), k=1,2

Tf,gi) (u, o)

NI CP, (1 CP(1),...,1 CP(NI CP))

7, (11, I, 6L(T), 63(\i), 64(X;), 65(us),
66(145))

t. f. 1: boundary equilibrium of £ at u(0)
switch to

Aj

- problem 5.3 for f(®)
- problem 5.4 for f(®
- problem 5.16 for £

t. f. 2: boundary equilibrium of £0U) at u(0)
switch to

Y

- problem 5.3 for f©)
- problem 5.4 for f()
- problem 5.16 for ()

t. f. 3: singular sliding point at «(0)
switch to

(H(u(0), ), f@ (u(0),a))
problem 5.3 for f() and for f()
problem 5.7 for £

problem 5.19

problem 5.25 for f(?)

t. f. 4: boundary equilibrium of f@ atu(1) | p;

switch to - problem 5.3 for f(®)
- problem 5.4 for f(®)
- problem 5.16 for f(®)

t. f. 5: boundary equilibrium of f@) at u(1) | u

switch to

- problem 5.3 for f(7)

- problem 5.4 for f()

- problem 5.10 for f®, £ *
- problem 5.16 for ()

- problem 5.31 for f@, f0)

t. f. 6: singular sliding point at «(1)
switch to

(Ho(u(1), @), fO (u(1), a))

- problem 5.3 for £ and for f()
- problem 5.10 for £, () *

- problem 5.19

- problem 5.29 for £

- problem 5.31 for £, f()

note

the initial values of «(0) and (1) must be
specified in PAR(67),..., PAR(67+2n-
1) in the user subroutine SCSTPNT
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5.34 A crossing orbit of vector fields (), fU) (j # i) connecting two pseudo-equilibria

(38)

U — Tif(i)(u,oz) 0,
U—ij(j)(v,a) = 0,
H(u(O),a) = 0,
Xif D (u(0), @) + A f D (w(0),a) = 0,
i + )\] -1 = 0,
H(u(l),0) = 0,
u(l) —v(0) = 0,
H(v(l),a) = 0,
pif O (1), a) + pif9(w(1),a) = 0,
pi+py—1 0
n, m 2,2
ma, (B1; - - -, Bmy) 6, (T3, Ty, Niy Aj, iy 115)
Nds T 4,11
| PS, SCI DI FF, NDI M 4,0,4
W(1),...,UNDIM U1, us, V1, V2
F(k), k=1,2 T, (u, )
F(k) k=34 7, (v, @)

NI CP, (1 CP(1),...,1 CP(NI CP))

8, (I, I, 61(T;), 62(T;), 63(\i), 64(N;),
65(4:), 66(14;))

t.f. 1: boundary equilibrium of f® at u(0) | A;

switch to - problem 5.3 for ()
- problem 5.4 for f(®)
- problem 5.16 for f(?)

t. f. 2: boundary equilibrium of f) at u(0) | \;

switch to

- problem 5.3 for f(@)
- problem 5.4 for f()
- problem 5.16 for ()

t. f. 3: singular sliding point at «(0)
switch to

(H(u(0), @), fD(u(0), a))
- problem 5.3 for () and for f(%)
- problem 5.7 for £

- problem 5.8 for f(@, f(7)

- problem 5.19

- problem 5.26 for f®, f0)

*

t. f. 4: tangent point of £ at u(1)
switch to

- problem 5.3 for f(®)
- problem 5.29 for £ *

t. f. 5: tangent point of f©) at u(1)
switch to

(Hy(u(1),a), f9 (u(1),a))

- problem 5.3 for f()

- problem 5.7 for f() *

- problem 5.25 for fU) *

- problem 5.31 for £, f() =
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t. f. 6: boundary equilibrium of f@ atw(1) | p;
switch to - problem 5.3 for ()
- problem 5.4 for f(®
- problem 5.16 for f(?)
- problem 5.30 for £, ()
t. f. 7: boundary equilibrium of @) at v(1) | p;
switch to - problem 5.3 for f()
- problem 5.4 for f()
- problem 5.16 for f(/)
t. f. 8: singular sliding point at v(1) (H,(v(1), ), fO(v(1),a))
switch to - problem 5.3 for £ and for f()
- problem 5.19
- problem 5.30 for £, ()
- problem 5.32 for f(®, f(7)
note the initial values of «(0) and (1) must be
specified in PAR(67),..., PAR(67+2n-
1) in the user subroutine SCSTPNT

5.35 An orbit of vector field f(*)

XSO (u(0),0) +

2

unstable manifold

o —Tf9(u,a)

H(u(0), @)
Aj P (w(0), @)
1
a)

J#

A+ A —
f(z(y,

w —

y,a)} vw
(w,w)y — 1

(w,y —u(1))

v >0,

cCOo O o000 OO0
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Figure 15: Boundary-value problems corresponding to (A): Subsection 5.35; (B): Subsection 5.36.

n, m n,2

md, (B, -, Bmy) 20+ 3, (N, A\, Y1y - Yny Wi, - o -5 Wy, V)
N, Np n,3n +4

| PS, SCI DI FF, NDI M 4,1, n

U l),...,UND M ULy . e vy Uy

F(k),k=1,...,n

Tflgi) (u, o)

NI CP, (I CP(1),...,1CP(NICP))

2n + 9, (Il; [2, 63()\1), 64()\]), 67(3/1), ceey
(67 +n — D(yn), (67 + n)(wr),. ..,
(67 + 2n — 1)(wy,), (67 + 2n)(v))

t. . 1: boundary equilibrium of £ at «(0)
switch to

Aj
- problem 5.2 for f(

) (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.4 for f(®)

(

- problem 5.16 for £

t. f. 2: boundary equilibrium of £ at u(0)
switch to

i

- problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)
- problem 5.4 for (@)

- problem 5.16 for f()

t. f. 3: singular sliding point at «(0)
switch to

(Ho(u(0), ), f¥ (u(0),a))

- problem 5.2 for £ and for fU) (n = 3)
- problem 5.3 for f() and for fU) (n = 2)
- problem 5.19 (n = 2)

- problem 5.27 for f() (n = 2)

t. f. 4: boundary equilibrium of £ at u(1)
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switch to

- problem 5.1 (n = 2)

- problem 5.2 for f&) (n = 3)
- problem 5.3 for () (n = 2)
- problem 5.4 for f(®)

- problem 5.5

- problem 5.9 for f(®)

- problem 5.16 for £

- problem 5.29 for £

- problem 5.33 for f() (n = 2)

t. f. 5: Hopf
switch to

Rev, : p = arg ming{|Revy,| : Imy, # 0}
continuation of a Hopf bifurcation *

t. f. 6: branch/limit point
switch to

Rev, : p = argming{|Rev,| : Imy, = 0}
problem 5.4 for f(® (branch switching) */
continuation of a limit point bifurcation *

note

the saddle y is assumed to have a one-
dimensional unstable manifold

note

the initial values of «(0) and y must be spec-
ified in PAR(67),..., PAR(67+2n- 1) in
the user subroutine SCSTPNT

5.36 A crossing orbit of vector fields £, fU) (j # i) connecting a
pseudo-equilibrium to a saddle with a one-dimensional unstable
manifold

I
OO O OO0 OO O

v >0,

(40)

n, m

n, 2

M, (517 s 7ﬁmd)

2n 44, (L5, N, Nj, Y1y - - s Yny WL, -« - 5 Wy, V)

nd, 1y

2n,4n +5

I PS, SCI DI FF, NDI M

4,1, 2n

U(1),...,U(NDI'M

Uy yUp, V1y...,Upn

F(k),k=1,...,n

Tzf]gZ) (u’ Oé)
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F(k),k=n+1,...,2n

ijlgj) (fU, Oé)

NI CP, (I CP(1),...,1CP(NI CP))

2n+6, (11, I, 61(13), 63()\;), 64()\]), 67(y1),
o (67 +n — 1)(yn), (67 + n)(wy),...,
(67 + 2n — 1)(wy), (67 + 2n)(v)

t.f. 1: boundary equilibrium of f® at u(0) | \;

switch to - problem 5.2 for £ (n = 3)
- problem 5.3 for () (n = 2)
- problem 5.4 for f(®
- problem 5.16 for f(?)
- problem 5.35 for f() *

t. f. 2: boundary equilibrium of f) at u(0) | \;

switch to

- problem 5.2 for fU) (n = 3)
- problem 5.3 for fU) (n = 2)
- problem 5.4 for (@)

- problem 5.16 for f()

t. f. 3: singular sliding point at «(0)
switch to

(Ho(u(0), ), f©) (U(O)a )

- problem 5.2 for £ and for fU) (n = 3)
- problem 5.3 for f() and for fU) (n = 2)
- problem 5.7 for f®) (n = 2) *

problem 5.19 (n = 2)

problem 5.28 for f@, fU) (n = 2)

t. f. 4: tangent point of f()
switch to

at u(1)

(Ho(u(1),a), f (u(1), )

- problem 5.2 for £ (n = 3)
- problem 5.3 for () (n = 2)
- problem 5.29 for £ *

t. f. 5: tangent point of f() at u(1)
switch to

(Ho(u(1),a), f9 (u(1), o))

- problem 5.2 for fU) (n = 3)

- problem 5.3 for f() (n = 2)

- problem 5.27 for f\0) (n =2)*
- problem 5.31 for f(0), f0) *

t. f. 6: boundary equilibrium of £ at v(1)
switch to

H(w(D), o)

- problem 5.1 (n = 2)

- problem 5.2 for f®) (n = 3)
- problem 5.3 for £ (n = 2)
- problem 5.4 for £

- problem 5.5

- problem 5.10 for f®, f)

- problem 5.16 for £

- problem 5.32 for f(*), f0)

- problem 5.34 for £, f(0) (n = 2)
t. f. 7: Hopf Rev, : p = arg ming{|Revy,| : Imy, # 0}
switch to continuation of a Hopf bifurcation *
t. f. 8: branch/limit point Rev, : p = argming{|Rev,| : Imy, = 0}
switch to problem 5.4 for f() (branch switching) */

continuation of a limit point bifurcation *
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note the saddle y is assumed to have a one-
dimensional unstable manifold
note the initial values of «(0) and y must be spec-
ified in PAR(67),..., PAR(67+2n- 1) in
the user subroutine SCSTPNT

6 PROGRAMMER’S GUIDE

A programmer’s guide for the software SLIDECONT (version 2.0) is presented in this section. The reader
should refer to the previous sections, as well as to Kuznetsov et al. (2003) and references therein for the

nomenclature and the theory behind the methods.

6.1 Disclaimer

SLIDECONT is freely available for non-commercial use on an “as is” basis. In no circumstances can the
authors be held liable for any deficiency, fault or other mishappening with regard to the use or perfor-

mance of SLIDECONT.

6.2 System requirements

SLIDECONT requires that AuT097 is installed under uNiX. Please, follow AuTO97 documentation to
install and test the package. A pre-defined maximum value (SCNDI MX) of the user problem dimen-
sion (SCNDI M is set in the header file sl i decont . h. This maximum affects the run-time memory
requirements and should not be set to unnecessarily large values. The restriction can be changed by
editing sl i decont . h followed by recompilation. Notice that the effective dimension of the defining
systems and the number of active parameters depend upon the user problem dimension and they may
exceed AUTO97 restrictions on problem size, requiring AuTo97 recompilation. In particullar, AuTO97
should be compiled with NPARX> 100 in both aut 0. h and f con. h (see AuT097 documentation).

If the SLIDECONT maximum user problem dimension or the AUT0O97 restrictions on problem size are
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exceeded in a SLIDECONT-run, then the computation halts with an error message.

6.3 Installation

SLIDECONT is freely available for download at
http://ww. mat h. uu. nl / peopl e/ kuznet/cm sl i decont.tar.gz

The software can be extracted by running t ar - xzvf slidecont.tar. gz in the directory
in which SLIDECONT should be installed, where the directories bi n, cnds, exanpl es, i ncl ude,
I'i b, and src are created. The SLIDECONT header and source files are contained in i ncl ude and
sr ¢, respectively, cnds contains SLIDECONT commands (see Subsection 6.4) and the environment file
sl c. env, while exanpl es contains a few tutorial examples, three of which are described in Section 7.
The directories bi nand | i b are empty initially.

The environment variables AUTO_DIR and SC_DIR must be set to the absolute paths of the AuT097
and SLIDECONT directories and the directories SAUTODI R/ cnds, $AUTODI R/ bi n,$SCDI R/ cnds,
and $SC_DI R/ bi n must be added to the system search path list. For this, the environment file sl c. env

should be appropriately edited and sourced before running SLIDECONT. For example, the following lines

# tc shell

setenv AUTO DIR /usr/ Il ocal /aut o/ 97

setenv SC DIR /1l ocal/scratch/SlideCont/2.0

set pat h=( $AUTO DI R/ cnds $AUTO DI R/ bi n $pat h)
set pat h=($SC DI R/ cmds $SC DI R/ bi n $pat h)

set up the necessary paths to both AuTo97 and SLIDECONT under the Unix shell csh, assuming that

AuUTO97 isinstalled in/ usr/ 1 ocal / aut o/ 97 and SLIDECONT 2.0in/ | ocal / scrat ch/ Sl i deCont/ 2. 0.
Then, SLIDECONT should be compiled by typing make in the $SCDI R/ sr ¢ directory (f 77 is

assumed to be the Fortran compiler command name). This produces SLIDECONT preprocessor and

libraries and places them into bi nand | i b, repectively.
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6.4 Running SLIDECONT

The user must provide three files. The equations file <name>. f containing the Fortran subroutines
SCFUNC, SCBOUND, SCSTPNT, SCPVLS, SCBCND, SCI CND, and SCFOPT, the constants file sc. <nane>,
and, possibly, the data file <nane>. dat which specifies numerically the starting solution for boundary-
value problems (<name> is a user-selected name).

The user-supplied subroutines may be regarded as higher-level input routines that are called by the
standard AuTO97 routines contained in the SLIDECONT library. The purpose of the user-supplied sub-

routines is the following:

SCFUNC Fortran prototype
SUBROUTI NE SCFUNC( SCNDI M X, PAR, SCI DI FF, FI ,
+ DFI DX, DFI DP, DFI DXDX, DFI DXDP, | )
defines the vector fields f(V)(z, o) and £ (x, a); on input, SCNDI M X( k) ,
PAR( k), SCI DI FF, and | contain the vector fields dimension n, the actual
state and parameter values = and «, the order up to which derivatives must be
analytically specified, and the index 7 of the vector field of interest, respec-
tively; as in AuTto97, only parameters PAR( 1) ,..., PAR(9) can be used
by the user; on output, FI (k) contains the k-th component of f(®), while
DFI DX( k,p) , DFI DP( k,p), DFI DXDX( k,p,q) , and DFI DXDP( k, p, q)
contain the derivatives of f,gi), if provided, with respect to z,, o, (xp, ),
and (z,, ay), respectively;
SCBOUND Fortran prototype
SUBROUTI NE SCBOUND( SCNDI M X, PAR, SCI DI FF,
+ H, DHDX, DHDP, DHDXDX, DHDXDP)
defines the discontinuity boundary function H (z, «). Input and output argu-
ments are analogous to those of SCFUNC;
SCSTPNT Fortran prototype
SUBROUTI NE SCSTPNT( SCNDI M X, PAR, T, 1)
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SCPVLS

SCBCND

SCI CND

SCFOPT

defines the starting solution (x, «); on input, SCNDI Mand | contain the vector
fields dimension n and the index ¢ of the vector field of interest, respectively;
on output, X( k) and PAR( k) contain state and parameters starting values; for
boundary-value problems, only an analytically known solution X( k) =z(T)
can be specified, where T denotes the independent time variable which, on
input, takes values in the interval [0, 1]; in such cases the time length of the
solution must be specified in PAR(11) or PAR( 60) -PAR( 62) , depending
upon the problem (see Section 5, and AuT097 documentation for more de-
tails);
Fortran prototype

SUBROUTI NE SCPVLS( SCNDI M X, PAR, 1)
defines user functions and solution measures (see AuT097 documentation);
Fortran prototype

SCBCND( NDI M PAR, | CP, NBC, U0, U1, FB, | JAC, DBC)
is meaningful only for AuT097 problem types;
Fortran prototype

SCI CND( NDI M PAR, | CP, NI NT, U, UCLD, UDOCT,
+ UPQLD, FI, I JAC, DI NT)
is meaningful only for AuT097 problem types;
Fortran prototype

SCFOPT(NDI M U, | CP, PAR, | JAC, FS, DFDU, DFDP)

is meaningful only for AuTO97 problem types.

For a fully documented equations file see, for example, $SC.DI R/ exanpl es/ hppc/ hppc. f.

The format of the constants file is the same for all problems. An example is listed below:

2 102 0 1 NDI M | PS, I RS, | LP

12 NI CP, (1 CP(1), 1 =1, NI CP)
00011000 NTST, NCOL, | AD, | SP, | SW | PLT, NBC, NI NT
50 0.0 1.0 0.0 100.0 NMX, RLO, RL1, A0, Al

10028750 NPR, MXBF, | | D, | TMX, | TNW NWIN, JAC
1.e-8 1.e-8 1.e-7 EPSL, EPSU, EPSS
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The first part (ending with NUZR) is an AuT097 compliant constants file, thus we refer to the AuUTO97
documentation for the meaning of single constants. In particular, 1 PS is the problem type and DS is
the starting step size of the continuation algorithm. If DS is positive (negative) then the computation
is performed forward (backward) with respect to the first active parameter of the | CP list. A list of

SLIDECONT problem types (with alphabetical labels useful for source code inspection) is reported in

l.e-31.e-100.1 1 DS, DSM N, DSMAX, | ADS

NTHL, ( (1 THL(1), THL(1)), | =1, NTHL)
NTHU, ( (1 THU(1), THU(1)), | =1, NTHU)
NUZR, ( (1 UZR(1), UZR(1)), | =1, NUZR)

SCI START, SCI DI FF
SCNPSI, (SCI PSI (1), 1 =1, SCNPSI )
SCNFI XED, ( SCI FI XED(1), 1 =1, SCNFI XED)

Table 1.

Label | Problem type | Problem description

T3D: | ¢00 A curve of tangent points of vector field f(*) in three-dimensional sys-
tems

TAN: | i01 A tangent point of vector field f®
A double tangency bifurcation of vector field f ()

EQL: | i02 A standard equilibrium of vector field f®

BEQ | i03 A boundary equilibrium of vector field £

CYGi | i10 A standard cycle of vector field f®

TGB: |11 An orbit of vector field /) connecting a tangent point of () with the
boundary X

TCBi | i12 A crossing orbit of vector fields £, ) (; # i) connecting a tangent
point of () with the boundary &

PEB:; | i13 An orbit of vector field £ connecting a pseudo-equilibrium with the
boundary X

PCB: | i14 A crossing orbit of vector fields £, ) (j = 7) connecting a pseudo-
equilibrium with the boundary >

TCH: | i15 A touching (grazing) cycle of vector field £

TGT: | i16 An orbit of vector field £ connecting two tangent points of ()

TCT: | i17 A crossing orbit of vector fields £, f() (; = i) connecting two tangent
points of f(*)

TTDi | 418 An orbit of vector field £ connecting a tangent point of () with a
tangent point of f(9) (j +# 1)

TCDi | i19 A crossing orbit of vector fields f@, &) (; + i) connecting a tangent
point of () with a tangent point of f(/)

Table 1: (continue)
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Label | Problem type | Problem description

TGP: | 20 An orbit of vector field () connecting a tangent point of £ with a
pseudo-equilibrium

TCPi | 21 A crossing orbit of vector fields £, ) (; # i) connecting a tangent
point of £ with a pseudo-equilibrium

TGSi | i22 An orbit of vector field £ connecting a tangent point of () to a saddle

TCS: | i23 A crossing orbit of vector fields f@, &) (; + i) connecting a tangent
point of £ to a saddle of f(@)

PET: | i24 An orbit of vector field f(?) connecting a pseudo-equilibrium with a
tangent point of f(?)

PCTi | i25 A crossing orbit of vector fields £, &) (j £ ¢) connecting a pseudo-
equilibrium with a tangent point of 7

PTD: | i26 An orbit of vector field f(?) connecting a pseudo-equilibrium with a
tangent point of f(9) (j +# 1)

PCDi | i27 A crossing orbit of vector fields £, &) (j £ 4) connecting a pseudo-
equilibrium with a tangent point of f(/)

PEP; | i28 An orbit of vector field f(*) connecting two pseudo-equilibria

PCP; | i29 A crossing orbit of vector fields f®), fU) (j # i) connecting two
pseudo-equilibria

PES: | 30 An orbit of vector field £ connecting a pseudo-equilibrium to a saddle
with a one-dimensional unstable manifold

PCS: | i31 A crossing orbit of vector fields £, ) (j = 7) connecting a pseudo-
equilibrium to a saddle with a one-dimensional unstable manifold

SCYi | i32 A sliding cycle with a standard orbit of vector field f(®)

SCCi | i33 A sliding cycle with standard orbits of vector fields £ and fU) (5 # )

SBN: | i34 An orbit of vector field £ connecting a saddle of £ with the bound-
ary

SCB: | i35 A crossing orbit of vector fields £, f() (j # 7) connecting a saddle of
£ with the boundary X

BND | 300 The discontinuity boundary

PEQ | 301 A pseudo-equilibrium
A pseudo-saddle-node bifurcation

CTG | 302 Coinciding tangent points

CCy | 310 A crossing cycle

SLIDECONT problem types are composed of three digits with the following meaning: the first digit
is either 1 or 2 if the problem refers to vector field £ with i = 1 or i = 2 in the defining system (see
Section 5), while it is equal to 3 if the problem does not refer to a particular vector field. The remaining

two digits form a progressive number. Thus, SLIDECONT problem types do not overlap with AuTo97

Table 1: SLIDECONT problem labels, types, and descriptions.

59




ones, so that, all AuTo97 facilities are accessible through SLIDECONT. In fact, if | PSis an AuT097
problem type, then the rest of the constants file (starting with SCI START) is ignored, the vector field
) is assumed to be the right-hand side of the AuTO97 problem, and the user-supplied subroutines
SCBCND, SCI CND, and SCFOPT assume the role of the analogous AuT097 subroutines.

By contrast, for SLIDECONT problems, the constants NBC, NI NT, JAC are ignored while the signif-

icance of the remaining SLIDECONT constants is described below:

SCI START type of initial solution when switching from a boundary-value to
an algebraic problem (see Section 5):

-1, start from «(0);
-2, start from u(1);
-3, start from v(1);

SCl DI FF order up to which derivatives are provided;

SCNPSI , SCI PSI number and numerical labels of monitored test functions (see
Section 5 for the list of the test functions for each problem);
if the test function % is monitored then its value is assigned to
PAR( 40+k) , which is an overspecified parameter that appears
in the output; thus, zeros of the test function & are detected as ze-
ros of PAR(40+k) and classified by AuT097 as user-specified
solution points (alphabetical code UZ, numerical code —4);

SCNFI XED, SCI FI XED  dummy constants.

SLIDECONT can be run only in command mode through the commands described below. However,
for applications involving several computations, a more flexible approach is to use a program (e.g. make)

for directing recompilation. The commands @cpr ep and @ cexe are specially useful for this purpose.

Gc Type @c <name>to run SLIDECONT. Starting data, if needed, must be in
g. <nane>and SLIDECONT constants in sc. <name>. This is the simplest

way to run SLIDECONT.
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@cprep Type @cprep <nane>to runthe SLIDECONT preprocessor. SLIDECONT
constants must be in sc. <nane>. The corresponding AuT097 constants file
r. <nane> and the problem specific Fortran file scpr ob. f (see Section 4)
are created.

@cexe Type @cexe <nane> to produce the executable file <nane>. exe (see
Section 4). SLIDECONT constants must be in sc. <namne>. The correspond-
ing AUTO97 constants file r . <nane> is also created.

@cdat Type @cdat <name> to convert the user-supplied data file <nanme>. dat
into the AuTo97 formatted file g. <nane>. SLIDECONT constants must be

insc. <nane>.

The command @cdat is necessary for each problem whose defining system consists of a boundary-
value problem to start the computation from a numerically known solution not obtained by previous
computations or as a solution of a different problem from which automatic switch is not supported. In
such cases the user must provide a data (text) file containing numerical data representing the starting
solution of the boundary-value problem. Each row in the data file contains NDI M+1 numbers, hamely
the time variable ¢ € [0, 1] and the AuTO97 state components U( 1) ,..., U NDI M at ¢. As detailed
in Section 5, when only one vector field is involved in the differential equations of the boundary-value
problem (i.e. when NDI M= SCNDI M the time length of the starting solution must be specified in
PAR(61) (PAR(11) for the continuation of a standard cycle, see Subsection 5.6). By contrast, when
both vector fields are involved (i.e. when NDI M= 2*SCNDI M), the time lengths of the two connected
parts of the starting solution must be specified in PAR( 61) and PAR( 62) . Finally, the time length of a

sliding segment has to be given in PAR( 60) , if solutions with such a segment are computed.

7 EXAMPLES

Each example directory in $SC DI R/ exanpl es contains constant filessc. * .k, k = 1,2,..., for all
successive computations, several equations files * . f .k, for computations requiring parameter and state
initialization in subroutine SCSTPNT, and several data files *. dat . .k, for manually set up the starting

solution of boundary-value problems when automatic switch from previous computations is not sup-
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ported (*. f . O is used when no initialization is required). Browse dr yf . f . k to see how the equations
have been specified (in subroutine SCFUNC and SCBOUND) and how the starting parameter values have
been set (in subroutine SCSTPNT).

To execute each of the prepared computations the user can simply enter make in the corresponding
example directory. It is also possible to execute all computations separately by means of SLIDECONT
commands (see Tables 2—-4). Some differences in the resulting screen outputs are to be expected on

different machines.

7.1 Asimple dry-friction oscillator

Consider a linear dumped oscillator with dry friction proposed by Tondl (1970):

1+ 21 = cqassgn(as — 1) — apag(as — 41). (41)

This defines a piecewise-linear Filippov system (5) with xo = i1, H(z, ) = z2 — as,

51:{x€R2:1‘2—a5<0}, 52:{x€R2:1‘2—a5>0}

and
FO (@) = " SO () = "
—x1 + ajag — asay(as — x2) —x1 — a1 — agag(os — 2)
Set

Q] = O.l,ag = 0.03,C¥3 = (4 = 4,@5 =0.5

At these parameter values the system has a stable sliding cycle starting at the visible tangent point T of
@ and composed of a standard segment in S; and a horizontal sliding segment (see Fig. 16).
To execute the prepared computations simply enter make in the directory $SC DI R/ exanpl es/ dr yf.

The list of all commands to be typed is reported in Table 2.
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Command

Action

1,3,4

cp sc.dryf.k sc.dryf
cp dryf.f.k dryf.f

cp dryf.dat. k dryf. dat
@cdat dryf

cp gq.dryf g.dat.k

@c dryf

@v dryf.k

get the constants file

get the equations file

get the data file

convert the data file into the starting solution file
save the starting solution file

run SLIDECONT

save output to p. dryf. k,qg. dryf. k,d. dryf. k

2,5

cp sc.dryf.k sc.dryf
cp dryf.f.O0 dryf.f
cp g.dat. (k—1) q.dryf
@c dryf

@v dryf.k

get the constants file

get the equations file

get the starting solution file

run SLIDECONT

save output to p. dryf. k,q. dryf. k,d. dryf. k

Table 2: Command list; @V is an AUTO97 command.

1 :
S
)y Ti
05fF ——— == = = — — — —
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-1 -0.5 0 0.5 1

Figure 16: A sliding cycle of system (41).

First we continue the sliding cycle of Fig. 16 with respect to ao (see Fig. 17). Data files with the

initial solutions to the boundary-value problem (20) can be easily obtained by numerical integration of

the vector field f(1) and of the Filippov vector field ¢ (3). Computation 1 (for decreasing «v2) gives:
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PT
10
20
24
30
40
50

Figure 17: A family of sliding cycles of system (41): The right thick solution corresponds to a grazing
bifurcation at as = 0, the left thick solution corresponds to a switching bifurcation at ay = 0.0557... ..

The solution family ends at a touching (grazing) bifurcation at as = 0 (see label 4 where test function 3
vanishes). This bifurcation is degenerate, since at as = 0 the systems in both S; and S5 become linear

oscillators with closed orbits around (a1a3,0) = (0.4,0) and (—ajas,0) = (—0.4,0), respectively

TY LAB
2
3
LP 4
5
6
EP 7

PR ARAN

PAR( 2)

. 72551E-02 ...
.16217E-03 ...
.46358E-15 . ..
. 56498E-02 . ..
. 36890E-01 ...
. 80686E-01 . ..

9.
3.
-7.
-1.
- 8.
-1.

PAR( 60)

62352E- 01
31482E- 01
99840E- 09
57261E+00
03478E+00
74344E+01

N~N~NO OO

PAR( 61)

. 49895E+00
. 96249E+00
. 28319E+00
. 25355E+00
. 75782E+00
. 97053E+00

PAR( 43)

4.
1.
- 3.
-7.
-4.
- 8.

81176E-01
65741E-01
99920E- 09
86307E-01
01739E+00
71721E+00

(portrait O in Figure 18).

Computation 2 (for increasing as) gives:

PT
10
19
20
30
40
50

TY LAB
2
uz 3
4
5
6
EP 7

NNPFE O OW

PAR( 2)

. 28003E-02 . ..
.57355E-02 ...
. 22664E-02 ...
.49842E-01 . ..
.44375E-01 . ..
. 94622E-01 ...

NP AR R

PAR( 60)

. 08725E+00
. 60000E+00
. 75086E+00
. 47741E+00
. 14592E+01
. 07868E+01
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PAR( 61)

. 43205E+00
. 22189E+00
. 17563E+00
. 85572E+00
. 90712E+00
. 10207E+00

PAR( 44)

2
-4,
-7.
-1
-4,
-9.

56373E-01
33287E-08
54277E- 02
43870E+00
92959E+00
59339E+00



Figure 18: Bifurcation diagram of (41): O - centers (o = 0); 1 - a sliding cycle with the standard arc in
Sp and a crossing cycle (0 < ag < o™ = 0.0557...); SW - buckling (switching) bifurcation at a5"; 2
- a sliding cycle with the standard arcs in both S; and Sy and a crossing cycle (5" < a2 < a5°%); CC -
crossing bifurcation at a$® = 0.1023. . .; 3 - two crossing cycles (a§° < ag < aép); LP - limit point of
the crossing cycles at o/zp = 0.1044. . .; 4 - no attractors (oo > alzp).
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Label 3 indicates a buckling (switching) bifurcation (zero of test function 4): At a5 = 0.0557... an
invisible tangent point 7, of () is detected at the end point «(1) (see Figure 18(ST)). Just below this
parameter value the sliding cycle is located entirely in the domain S (portrait 1 in Figure 18), while just
above this parameter value the sliding cycles have also a standard segment in So (portrait 2 in Figure 18)
and, therefore, can be continued by means of the boundary-value problem (21).

Starting from the data file dr yf . dat . 3 corresponding to label 3, computation 3 produces (see

Fig. 19):
PT TY LAB PAR( 2) ... PAR(60) PAR( 61) PAR( 62) PAR( 45)
10 2 5. 71491E-02 ... 1. 56748E+00 5.21147E+00 6. 48471E- 02 7.83742E-01
20 3 7.67732E-02 ... 1.04430E+00 5.08803E+00 9.72593E-01 5.22152E-01
27 UZ 4 1.02312E-01 ... 6.98102E-10 4.97317E+00 1.90398E+00 3. 49050E- 10
30 5 1.28304E-01 ... -1.83052E+00 4.89559E+00 2.46968E+00 -9.15258E-01
40 6 1.80925E-01 ... -1.05903E+01 4.83254E+00 3. 04894E+00 -5.29517E+00
50 EP 7 2.05960E-01 ... -1.97537E+01 4. 84202E+00 3.22755E+00 -9.87687E+00
1 :
So
by T
0.5 —f/~ F 7=~
15
0,
)
_0.5’ /.
_1, Sl
-1 -0.5 0 0.5 1
Z1

Figure 19: A family of sliding cycles of system (41). The thick solutions correspond to a switching
bifurcation at as = 0.0557. .. and a crossing bifurcation at oo = 0.1023. ...

Label 4 indicates a crossing bifurcation (zero of test function 5): At a$° = 0.1023. .. a tangent point of

M is detected at the end point v(1) that coincides with the starting tangent point 7', (see portrait C'C
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in Figure 18). According to Kuznetsov et al. (2003), this implies that for a5 slightly bigger than «§° a

stable crossing cycle replaces the sliding cycle.

Numerical integration at o =~ 0.0716, however, reveals an unstable crossing cycle. Starting from the

corresponding data file dr yf . dat . 4, we can continue the crossing cycle (see Section 5.13) forward

(computation 4):

PT
10
20
26
27
30
31

TY LAB

LP

~NOoO b~ WN

EP

PAR( 2)

AR R BREP O

and backward (computation 5):

PT TY LAB
10 8
20 9
30 10
40 11
50 EP 12

PAR( 2)

6. 92846E- 02
5. 38503E- 02
3. 30625E- 02
1. 63250E- 02
8. 60323E- 03

.10239E-02 . ..
. 09305E-02 ...
. 04455E-01 ...
.02312E-01 ...
. 87623E-02 ...
.36612E-03 ...

PAR( 61)

. 81133E+00
. 13420E+00
. 73036E+00
. 97317E+00
. 13818E+00
. 31774E+00

OO0~ DDdW

PAR( 61)
3. 78902E+00
3. 61272E+00
3. 41422E+00
3. 27216E+00
3. 20972E+00

PAR( 62)

. 56183E+00
. 34613E+00
. 02413E+00
. 90398E+00
. 96953E- 01
. 22892E- 01

P ARAFEPNMNNDDN

PAR( 62)

2. 57819E+00
2. 71469E+00
2. 88372E+00
3. 01443E+00
3. 07440E+00

P NWR R

PAR(41)

09438E+00
71175E-01
20594E- 01
34521E- 08
72345E-01
30773E-01

1.
5.
1.
-1.
- 6.

-8.

PAR( 41)

. 14855E+00
. 74921E+00
. 32320E+00
. 33706E+00
. 43668E+01

The result is shown graphically in Figure 20. Label 4 in the forward continuation corresponds to a fold

bifurcation of crossing cycles, when two such cycles collide and disappear at alzp =0.1044.... Label 5

corresponds to the already detected crossing bifurcation (zero of test function 1). Therefore, the unstable

crossing cycle exists for all 0 < as < 0/2” (see portraits 1, SW, 2, CC, and 3 in Figure 18). Its

amplitude grows to infinity as as — 0. This crossing cycle collides with the stable inner crossing cycle

(born at the C'C bifrcation at «$°) and disappears via the fold bifurcation, so that no periodic motion is

present above the critical parameter value o/2p (portrait 4 in Figure 18). This completes construction of

the one-parameter bifurcation diagram of (41).

7.2 Forced dry friction oscillations

This example illustrates the two-parameter continuation of a touching (grazing) cycle in a 4-dimensional

Filippov system.

Following Yoshitake & Sueoka (2002) and Bernardo di et al. (2003), consider a dry friction oscillator
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i) ot

Figure 20: A family of crossing cycles of (41). The thick solutions correspond to the crossing bifurcation
at a5® = 0.1023. .. and the fold bifurcation of crossing cycles at alzp =0.1044.. ..

described by the equation
1+ =01 Sgn(l — i?l) — 012(1 — 9.31) + Oég(l — il)s —+ g COS(O[57§). (42)

Here positive constants aq, s, a3 are the coefficients of the kinematic friction characteristics, «4 is the
amplitude of the forcing and « is its angular frequency. Since cos(ast) is the z3-component of a stable

periodic solution to the planar system

. 2.2
3 = x3—asrs —x3(z5+x]),

: 2, .2
Ty = osz3+ x4 — 2a(25 4 27),
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equation (42) is equivalent to a 4-dimensional Filippov system (5) with

Z2

_ _ _ _ 3
f(172) (x’ a) _ T + a1 Ozg(l 372) + Ozg(l xg) + (670 133 ’ (43)

T3 — O5T4 — m;;(x% +23)

asrs + x4 — (2% + 23)

and

H(z,a) =x9 — 1. (44)

It is known (see Bernardo di et al. (2003)) that at
a1 = g = 1.5, a3 = 045, gy = 0.1, a5 = 1.7078...

8 - - - - - - - - - - -
a a—’;-cycle existing in region Sy touches the discontinuity boundary Y- (see Figure 21). This is a touching

15

0.5

0 0.5 1 1.5 2 2.5
X1

Figure 21: A touching (grazing) cycle of the periodically forced dry friction oscillator (42).

(grazing) bifurcation of the system. Starting with the numerical solution corresponding to Figure 21, we
continue this bifurcation in two control parameters: a4 and as (See Section 5.20).
To execute the prepared computations simply enter make in the directory $SC.DI R/ exanpl es/

f df 0. The list of all commands to be typed is reported in Table 3.
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k | Command Action
1,2 | cp sc.fdfo. k sc.fdfo get the constants file

cp fdfo.f. k fdfo.f get the equations file

cp fdfo.dat.k fdfo.dat | getthe datafile

@cdat fdfo convert the data file into the starting solution file

cp gq.fdfo g.dat. k save the starting solution file

@c fdfo run SLIDECONT

@v fdfo. k save output to p. fdf 0. k,q. fdf 0. k,d. fdf 0. &k
3|cp sc.fdfo.3 sc.fdfo get the constants file

cp fdfo.f.0 fdfo.f get the equations file

cp g.dat.2 q.fdfo get the starting solution file

@c fdfo run SLIDECONT

@v fdfo.3 save output to p. fdf 0. 3,g. fdf 0. 3,d. fdfo. 3
4 |cp sc.fdfo.4 sc.fdfo get the constants file

cp fdfo.f.0 fdfo.f get the equations file

cp gq.fdfo.2 g.fdfo get the starting solution file

@c fdfo run SLIDECONT

@v fdfo. 4 save output to p. fdf 0. 4,g. fdf 0. 4,d. fdf 0. 4

56| cp sc.fdfo. k sc.fdfo get the constants file

cp fdfo.f.0 fdfo.f get the equations file

cp gq.fdfo. 4 g.fdfo get the starting solution file

@c fdfo run SLIDECONT

@v fdfo. k save output to p. fdf 0. k,q. fdf 0. k,d. fdf 0. &k

Table 3;: Command list; @V is an AUTO97 command.

We get the following output (computation 1):

PT TY LAB  PAR(4) ... MAX U(2) ... PAR() PAR( 61)

30 2 1.46553E-01 ... 1.00000E+00 ... 1.79104E+00 1.40324E+01

35 PD 3 1.59166E-01 ... 1.00000E+00 ... 1.80658E+00 1.39118E+01

60 4 2.27099E-01 ... 1.00000E+00 ... 1.87385E+00 1.34123E+01

920 5 3.18761E-01 ... 1.00000E+00 ... 1.94700E+00  1.29084E+01
120 6  4.28346E-01 ... 1.00000E+00 ... 2.02670E+00  1.24008E+01
150 7 5.62395E-01 ... 1.00000E+00 ... 2.12073E+00 1.18510E+01
180 8 7.22631E-01 ... 1.00000E+00 ... 2.22943E+00 1.12732E+01
210 9  9.05530E-01 ... 1.00000E+00 ... 2.34532E+00 1.07161E+01
236 PD 10 1.07114E+00 ... 1.00000E+00 ... 2.43853E+00 1.03065E+01
240 11  1.09846E+00 ... 1.00000E+00 ... 2.45252E+00 1.02477E+01
270 12 1.30693E+00 ... 1.00000E+00 ... 2.54231E+00 9. 88578E+00
273 BP 13  1.32427E+00 ... 1.00249E+00 ... 2.54812E+00 9.86325E+00
300 EP 14  1.50283E+00 ... 1.18394E+00 ... 2.58419E+00 9.72559E+00

The computed family of i—g—periodic touching (grazing) cycles is shown in Figure 22, where the end
solution with label 14 is omitted. The corresponding bifurcation curve T'C Ho in the (ay, a5)-plane is

presented in Figure 23.
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The solution at label 13 is close to a touching (grazing) solution with period i—’; that is traced twice:
The continued touching (grazing) cycle undergoes a period-halving bifurcation that is detected as a
branch point (BP). In other words, the periodically forced dry-friction oscillator exhibits a codimension
2 bifurcation, when a nonhyperbolic i—’;-cycle touches the discontinuity boundary at A; = (a4.a5) =
(1.32...,2.55...). Notice also two flip (PD) bifurcations of the Z—’;—periodic touching (grazing) cycle
at labels 3 and 10. These are another codimension-2 flip-garzing points in the system. We skip their

analysis.

1.5 T T T T

Figure 22: A family of i—g-periodic touching (grazing) cycles terminating in a period-halving bifurcation
at (o, a5) = (1.3208...,2.5470...). The thick orbit is traced twice.

To continue the touching (grazing) bifurcation of the i—g-cycle, the data file f df 0. dat . 2 can be
either constructed manually from the output at label 13 or obtained by simulations. The backward

continuation of the touching (grazing) i—g-cycle gives (computation 2):

PT TY LAB  PAR(4) ... MAX U(2) ... PAR() PAR( 61)

5 PD 2 1.32089E+00 ... 1.00000E+00 ... 2.54701E+00 4.93377E+00
30 3 1.15631E+00 ... 1.00000E+00 ... 2.44812E+00 5.13307E+00
60 4 9.61275E-01 ... 1.00000E+00 ... 2.31858E+00 5. 41986E+00
920 5 7.82608E-01 ... 1.00000E+00 ... 2.18948E+00 5.73942E+00

120 6 6.22837E-01 ... 1.00000E+00 ... 2.06772E+00 6.07742E+00
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Figure 23: Bifurcation curves of (42): T'C H, - touching (grazing) bifurcation of the i—’;—cycle; PDq -flip

(period-doubling) bifurcation of the i—’;—cycle; TC H, - touching (grazing) bifurcation of the i—g—cycle;
Ay o - codimension-2 flip-grazing points.

150 7  4.83843E-01 ... 1.00000E+00 ... 1.95931E+00 6.41366E+00
180 8  3.64053E-01 ... 1.00000E+00 ... 1.86614E+00  6.73388E+00
210 9 2.57025E-01 ... 1.00000E+00 ... 1.78451E+00  7.04190E+00
240 10  1.50801E-01 ... 1.00000E+00 ... 1.70534E+00  7.36883E+00
255 PD 11 8.76020E-02 ... 1.00000E+00 ... 1.65844E+00 7.57721E+00
270 12 3.85974E-02 ... 1.00000E+00 ... 1.62087E+00  7.75285E+00
300 EP 13 2.17858E-02 ... 1.00000E+00 ... 1.60619E+00  7.82372E+00

while the forward continuation (computation 3) results in:

PT TY LAB PAR( 4) MAX U( 2) PAR( 5) PAR( 61)

30 2 1.49773E+00 ... 1.00000E+00 ... 2.64225E+00 4. 75593E+00

60 3 1.72744E+00 ... 1.00000E+00 ... 2.74919E+00  4.57094E+00

90 4 1.96735E+00 ... 1.00000E+00 ... 2.84171E+00 4. 42212E+00
120 5 2.21504E+00 ... 1.00000E+00 ... 2.91835E+00 4. 30599E+00
150 6 2.46787E+00 ... 1.00000E+00 ... 2.97864E+00  4.21883E+00
180 7  2.72335E+00 ... 1.00000E+00 ... 3.02272E+00 4. 15730E+00
191 BP 8 2.81386E+00 ... 1.00000E+00 ... 3.03447E+00 4. 14121E+00
210 9  2.67440E+00 ... 1.00000E+00 ... 2.90491E+00  4.32591E+00
240 10  2.45441E+00 ... 1.00000E+00 ... 2.70230E+00  4.65025E+00
270 11  2.23336E+00 ... 1.00000E+00 ... 2.50128E+00 5.02397E+00
300 EP 12 2.01106E+00 ... 1.00000E+00 ... 2.30227E+00 5. 45826E+00

- 471. - - - - - - - -
The computed family of a—s-perlodlc touching (grazing) cycles is shown in Figure 24, where solutions
with labels 9-12 are omitted. The corresponding bifurcation curve T'C'H; in the (ay, as)-plane can be

seen in Figure 23. The flip-grazing point A; is more accurately detected in the backward continuation at
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1.5 T T T T

Figure 24: A family of i—’;-periodic touching (grazing) cycles terminating in a period-halving bifurca-

tion at (cy.ci5) = (2.814...,3.0345...). The starting solution is o-marked, while the thick solution
corresponding to another flip-grazing is traced twice.

label 2, where the i—g-periodic touching (grazing) cycle exhibits the flip (PD) bifurcation. Notice that a
branching point BP is detected at label 8, where the touching (grazing) cycle undergoes a period-halving
bifurcation at Ay = (a4.ci5) = (2.8138...,3.0344...).

Finally, we compute the flip bifurcation curve, where the standard i—’;—cycle exhibits a period-doubling
bifurcation. This curve can be obtained by switching at point A, detected in computation 2 as the PD-

point at label 2. A dummy continuation (computation 4):

PERI OD
4.93377E+00

PT TY LAB
5 EP 14

PAR( 4)
1. 32089E+00 . . .

MAX U( 2)
1. 00000E+00 . . .

PAR( 5)
2. 54701E+00

generates the starting data to continue the flip bifurcation curve. Restarting fromthe end point at label 14,

we continue the flip curve forward (computation 5):

PT TY LAB  PAR(4) MAX U( 2) PAR( 5) PERI CD
30 15  1.52127E+00 ... 1.08642E+00 ... 2.60775E+00 4. 81885E+00
60 16  1.77224E+00 ... 1.20247E+00 ... 2.66918E+00  4.70796E+00
90 17  2.03041E+00 ... 1.33688E+00 ... 2.71408E+00 4.63007E+00
120 18  2.28608E+00 ... 1.49759E+00 ... 2.73420E+00  4.59599E+00
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150 19
173 LP 20
180 21
210 22
240 23
270 24
300 EP 25

P NNNNDNDDN

. 50460E+00 . ..
. 56957E+00 . ..
. 56423E+00 . ..
. 46371E+00 . ..
. 30919E+00 . ..
. 13677E+00 ...
. 95813E+00 . ..

and backward (computation 6):

PT TY LAB
30 15
60 16
90 17
120 18
150 19
180 20
210 21
240 22
270 23
300 EP 24

PR RPNWDOIN©OBR

PAR( 4)

. 13172E+00 . ..
. 23250E-01 ...
.37259E-01 . ..
. 76049E-01 ...
. 40663E-01 ...
.30787E-01 . ..
.44931E-01 ...
.80767E-01 ...
.35527E-01 ...
. 06293E-01 ...

NNNNERPEP P

O NN O NN O

. 69995E+00 ..
. 86351E+00 ..
. 90582E+00 . .
. 03333E+00 ..
. 10546E+00 ..
. 14713E+00 ..
.16871E+00 ..

MAX U( 2)

.21174E-01 ..
. 38379E-01 ..
.67585E-01 ..
.10921E-01 ..
. 72635E-01 ..
. 57456E-01 ..
. 71390E-01 ..
. 17286E-01 ..
. 89069E-01 ..
. 76882E-01 ..

NNNDNNDNDDN

P RPFRPEPNMNNMNNNDNDDN

. 70917E+00
. 64333E+00
. 61787E+00
. 50886E+00
. 40856E+00
. 31599E+00
. 22938E+00

PAR( 5)

. 47978E+00
. 39323E+00
. 30263E+00
. 21067E+00
. 11974E+00
. 03179E+00
. 94823E+00
. 87000E+00
. 79777E+00
. 73204E+00

o oob~hb b

~NoO oo o ooooa

. 63846E+00
. 75398E+00
. 80023E+00
. 00880E+00
. 21738E+00
. 42592E+00
. 63672E+00

PERI OD

. 06753E+00
. 25081E+00
. 45740E+00
. 68442E+00
. 92826E+00
. 18489E+00
. 45016E+00
. 71998E+00
. 98998E+00
. 25523E+00

Since MAX U( 2) is greater than 1. O in the forward continuation, only the backward part of the flip

bifurcation curve is meaningfull. It is depicted in Figure 23 as PD;.

7.3 Harvesting a prey-predator community

This example illustrates a variety of one- and two-parameter calculations in a planar Filippov system.

System (5) with

O (2, q)

f(2) (.%', a) =

xl(l — CL‘l) — ¢($1)I2

P(x1)xe — 32

z1(1 = 1) = P(a1)22

P(z1)T2 — A3T2 — T2

Y(r1) =

a1

)
a9 + 21

H(z,a) = x9 — as.

(45)

(46)

(47)

(48)

models an harvested prey-predator community where z; and x5 are prey and predator population den-

sities and harvesting of the predator population, at constant effort («4), is allowed only if predator are
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sufficiently abundant (i.e. if x5 > as) (see Kuznetsov et al., 2003; Dercole et al., 2003, for more de-
tails). The analysis is performed with respect to «o and a5 for the following other parameter values:

a1 = 0.3556, ag = 0.0444, oy = 0.2067. The results are shown in Figures 25 and 26.

1

Figure 25: Bifurcation diagram of model (5,45-48) in the (a5, o2) plane. Bifurcation curves: BEQ; o -
boundary equilibrium of vector field f(1:2); PSN - pseudo-saddle-node bifurcation; TC'H - touching
(grazing) bifurcation of vector field f(); TCTy - crossing orbit of vector fields f(), () connecting
two tangent points of f(1); TT'D; - orbit of vector field (1) connecting a tangent point of f() with a
tangent point of f(2: TGP, - orbit of vector field (1) connecting a tangent point of (1) with a pseudo-
equilibrium; H, - Hopf bifurcation of vector field f(); Points A and B are codimension-2 bifurcation
points detected by SLIDECONT.

Notice that in order to avoid numerical problems when 1 or x5 are very small, new state variables
(21, z2) with z; = In(x;), ¢ = 1, 2, are introduced.

To execute all prepared computations simply enter mak e in the directory $SC DI R/ exanpl es/ hppc.
In the following we execute all computations separately by means of SLIDECONT commands (see Sec-

tion 6). The list of all commands to be typed is given in Table 4.
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Figure 26: Magnified view of the shaded region in Figure 25. Bifurcation curves: TC H - touching
(grazing) bifurcation of vector field f(2); TCT;, - crossing orbit of vector fields f(2), f() connecting
two tangent points of f(2); TTD, - orbit of vector field f(2) connecting a tangent point of f(2) with a
tangent point of f(1: TC'D; - crossing orbit of vector fields f(1), f(2) connecting a tangent point of (1)
with a tangent point of f2: TGP, - orbit of vector field f(2) connecting a tangent point of f(2) with a
pseudo-equilibrium; T'C'P; - crossing orbit of vector fields f(1), (2) connecting a tangent point of f(1)
with a pseudo-equilibrium; H, - Hopf bifurcation of vector field f(2); Points C' — I are codimension-2
bifurcation points detected by SLIDECONT.
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k | Command Action
1| cp sc.hppc. k sc. hppc get the constants file
cp hppc.f.k hppc. f get the equations file
@c hppc run SLIDECONT
@v hppc. k save output to p. hppc. k, . hppc. k,d. hppc. k
2| cp qg.hppc.1 g. hppc get the starting solution file
3| cp q.hppc.2 g. hppc get the starting solution file
4| cp q. hppc.2 q. hppc get the starting solution file
5| cp q. hppc.2 g. hppc get the starting solution file
6| cp g. hppc.5 g. hppc get the starting solution file
7| cp g.hppc.5 g. hppc get the starting solution file
8| cp g.hppc.5 g. hppc get the starting solution file
9| cp g. hppc. 8 g. hppc get the starting solution file
10 | cp g. hppc. 8 g. hppc get the starting solution file
11 | cp q. hppc. 8 g. hppc get the starting solution file
12 | cp q. hppc. 11 g. hppc get the starting solution file
13 | cp hppc. dat. 13 hppc. dat | getthe data file
@cdat hppc convert the data file into the starting solution file
cp g. hppc g.dat. 13 save the starting solution file
14 | cp q.dat. 13 g. hppc get the starting solution file
15| cp q.dat. 13 g. hppc get the starting solution file
16 | cp hppc. dat. 16 hppc. dat | getthe data file
@cdat hppc convert the data file into the starting solution file
cp g. hppc g.dat. 16 save the starting solution file
17 | cp g.dat. 16 g. hppc get the starting solution file
18 | cp g. hppc. 15 q. hppc get the starting solution file
19 | cp g. hppc. 15 q. hppc get the starting solution file
20 | cp hppc. dat. 20 hppc. dat | get the data file
@cdat hppc convert the data file into the starting solution file
cp g. hppc q.dat. 20 save the starting solution file
21 | cp q. hppc. 20 g. hppc get the starting solution file
22 | cp q. hppc. 20 g. hppc get the starting solution file
23 | cp q. hppc.1 g. hppc get the starting solution file
24 | cp q. hppc. 23 qg. hppc get the starting solution file
25 | cp hppc. dat. 25 hppc. dat | get the data file
@cdat hppc convert the data file into the starting solution file
cp g. hppc g.dat. 25 save the starting solution file
26 | cp q.dat. 25 g. hppc get the starting solution file
27 | cp q.dat. 25 q. hppc get the starting solution file
28 | cp hppc. dat. 28 hppc. dat | get the data file
@cdat hppc convert the data file into the starting solution file
cp g. hppc q.dat. 28 save the starting solution file
29 | cp q.dat. 28 q. hppc get the starting solution file
30 | cp q. hppc. 27 g. hppc get the starting solution file
31 | cp hppc. dat. 31 hppc. dat | get the data file

Table 4: (continue)
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k | Command Action
@cdat hppc convert the data file into the starting solution file
cp g. hppc qg.dat. 31 save the starting solution file
32 | cp g.dat.31 g. hppc get the starting solution file
33 | cp hppc. dat. 33 hppc. dat | get the data file
@cdat hppc convert the data file into the starting solution file
cp g. hppc g.dat. 33 save the starting solution file
34| cp q. hppc. 33 g. hppc get the starting solution file
35| cp g. hppc. 33 g. hppc get the starting solution file
36 | cp g. hppc. 35 g. hppc get the starting solution file
37 | cp hppc. dat. 37 hppc. dat | get the data file
@cdat hppc convert the data file into the starting solution file
cp g. hppc q.dat. 37 save the starting solution file
38 | cp qg.dat.37 q. hppc get the starting solution file
39 | cp q.dat. 36 q. hppc get the starting solution file
40 | cp g.dat. 36 . hppc get the starting solution file
Table 4: Command list: the first (last) two commands of com-
putation 1 must precede (follow) the commands listed for k& =
2,...,40; the equations file hppc. f . &, if not present, must be
replaced with hppc. f. 0; @V is an AuTO97 command.
For s = 1 and a5 = 3 (top-right corner of Figure 25) vector field (1) has a stable focus at
(21 = —1.9472... 20 = 1.0134...). Starting from this solution, we continue the equilibrium for

decreasing values of oy (computation 1). We get the following output

PT TY LAB  PAR(2) u(1) u(2) PAR( 41)

1 EP 1 1.00000E+00 ... -1.94720E+00 1.01338E+00 - 2.45095E- 01
10 2 9.64219E-01 ... -1.98363E+00 9.82883E-01 -3.27852E-01
20 3 8.28333E-01 ... -2.13554E+00 8.53210E-01 -6.52830E-01
23 HB 4 7.78000E-01 ... -2.19823E+00 7.98633E-01 -7.77500E-01
30 5 5.75949E-01 ... -2.49893E+00 5.29837E-01 -1.30134E+00
39 UZ 6 3.30000E-01 ... -3.05586E+00 1.04302E-02 -1.98952E+00
40 7  3.07518E-01 ... -3.12642E+00 -5.67696E-02 -2.05519E+00
50 EP 8 1.51267E-01 ... -3.83590E+00 -7.43205E-01 -2.52441E+00

where label 4 (LAB=4) indicates a Hopf bifurcation while label 6 is a user output point at ay = 0.33
(see constants file sc. hppc. 1). Since vector field f(!) does not depend on a5, the Hopf bifurcation
curve in the (a5, ag) plane is a straight line (see curve H; in Figure 25), therefore, we skip its numerical
computation. By inspection of the output file q. hppc. 1, one can check that after the Hopf bifurcation
the equilibrium is an unstable focus.

Starting from the solution at the user output point (label 6), we continue the equilibrium for decreas-

ing values of a5 (computation 2).

78



PT

10
20
27
30
38

Label 12 indicates a zero of test function 1, i.e. a boundary equilibrium bifurcation. Starting from

this solution, we continue the bifurcation in the plane (a5, ) forward (computation 3) and backward

TY LAB

EP

EP

9
10
11
12
13
14

©O~NF R NW

PAR( 5)

. 00000E+00 . ..
. 67200E+00 . ..
. 67200E+00 . ..
. 01048E+00 . ..
. 10485E-01 ...
. 95154E-02 . ..

-3.
- 3.
-3.
-3.
- 3.
-3.

1)
05586E+00
05586E+00
05586E+00
05586E+00
05586E+00
05586E+00

PR RPRPRPPRP

u 2)
. 04302E- 02
. 04302E- 02
. 04302E- 02
. 04302E- 02
. 04302E- 02
. 04302E- 02

PAR( 41)

-1.
-1.
- 6.
- 3.
3
1.

98952E+00
66152E+00
61515E-01
84850E- 09
00000E- 01
10000E+00

(computation 4), thus obtaining the following outputs (see curve BE(Q); in Figure 25)

PT

1
10
20
30
36
40
43
46

PT

1
20
40
60

TY LAB

EP

uz

uz
EP

15
16
17
18
19
20
21
22

TY LAB

EP

EP

15
16
17
18

WNDNNRFPRPREPPRE

1
8
1
6

PAR( 5)

. 01048E+00 ...
. 04966E+00 . ..
. 24872E+00 . ..
. 80786E+00 ...
. 22250E+00 . ..
. 54049E+00 ...
. 75491E+00 ...
. 00004E+00 . ..

PAR( 5)

. 01048E+00 . ..
.02944E-01 ...
.07293E-01 ...
. 15279E-04 . ..

PP O~NO DWW

3
2
3
1

PAR( 2)

. 30000E- 01
. 43488E- 01
. 12928E- 01
. 16903E- 01
. 78000E- 01
. 08309E- 01
. 00000E+00
. 10912E+00

PAR( 2)

. 30000E- 01
. 59482E- 01
. 35501E- 02
. 91480E- 04

P RPARAFPNO®W

-2

3
4
5
6

PAR(41)

. 59492E- 02
. 48669E- 02
. 92948E- 02
. 29270E- 02
. 94230E- 11
. 04565E- 02
. 78141E- 02
. 65706E- 02

PAR(41)

. 59492E- 02
. 16078E- 02
. 97375E- 02
. 24144E- 02

where label 19 in the forward computation identifies a codimension-2 bifurcation, namely a boundary-
Hopf bifurcation (see point B in Figure 25), as a zero of test function 1.

Starting again from the solution at label 12, we continue the pseudo-saddle colliding with the unsta-
ble focus at the boundary equilibrium bifurcation for increasing values of a5 (computation 5). We get

the following output

PT TY LAB  PAR(5) PAR(41) PAR(42)

1 EP 15 1.01048E+00 ... 1.25638E-11 1. 00000E+00
10 16  1.01568E+00 ... 1.27664E-02 9.87234E-01
20 17  1.04423E+00 ... 8.17597E-02 9. 18240E-01
30 18  1.13988E+00 ... 3.05189E-01  6.94811E-01
40 LP 19  1.24360E+00 ... 6.51847E-01  3.48153E-01
50 EP 20 9.04329E-01 ... 9.44763E-01 5.52371E-02

where label 19 indicates a pseudo-saddle-node bifurcation, whose forward and backward continuations

(computations 6 and 7) are reported below (see curve PSN in Figure 25).
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PT
10
20
30
40
41
50

PT
10
20
28
30
39
40
50

TY LAB

21
22
23
24
25
26

TY LAB

uz

uz

EP

21
22
23
24
25
26
27

NNNRFE PP

o ~NO© ORF P

PAR( 5)

. 27118E+00 . ..
. 38762E+00 . ..
. 71214E+00 . ..
. 21424E+00 . ..
. 22250E+00 . ..
. 53582E+00 . ..

PAR( 5)

. 21650E+00 . ..
. 11167E+00 . ..
. 66081E-01 ...
. 11820E-01 . ..
. 03037E-01 ...
. 85973E-01 ...
.35108E-01 . ..

oO~N~NOLh W

3
2
1
1
-1
-1

-1

PAR( 2)

. 44665E- 01
. 04902E- 01
. 60562E- 01
. 74693E- 01
. 78000E- 01
. 99199E- 01

PAR( 2)

. 15428E- 01
. 57473E- 01
. 72243E-01
. 38847E-01
. 99083E- 10
. 22104E- 02
. 27568E- 01

PP OWNOO

NRPRRRLROO®

PAR( 41)

. 23634E- 01
. 13921E- 01
. 69634E- 01
. 60651E- 03
. 87790E- 08
. 23494E- 01

PAR(41)

. 80505E- 01
. 01058E- 01
. 00000E+00
. 08607E+00
. 50556E+00
. 54810E+00
. 00867E+00

PAR( 42)

. 76366E- 01
. 86079E- 01
. 30366E- 01
. 96393E- 01
. 00000E+00
. 12349E+00

PR Oo~ND®W

PAR(42)
3. 19495E- 01
1. 98942E- 01
4.54661E- 10
- 8. 60733E- 02
-5. 05564E- 01
- 5. 48096E- 01
-1. 00867E+00

Notice that point B of Figure 25 is detected again during the forward computation (zero of test function 1
at label 25), while label 23 in the backward computation identifies another codimension-2 bifurcation,
namely a boundary-pseudo-saddle-node bifurcation (see point H in Figure 26), as a zero of test func-
tion 2.

Starting from the solution at label 19 of computation 5, we now continue the pseudo-node colliding

with the pseudo-saddle at the pseudo-saddle-node bifurcation for decreasing values of o5 (computation 8)

PT TY LAB  PAR(5) PAR( 41) PAR( 42)

1 EP 21 1.24360E+00 ... 6.51847E-01 3.48153E-01
10 22 1.24302E+00 ... 6.70003E-01 3.29997E-01
20 23 1.22931E+00 ... 7.34503E-01 2. 65497E-01
30 24 1.11341E+00 ... 8.60547E-01  1.39453E-01
40 25  8.39853E-01 ... 9.61723E-01 3. 82774E-02
45 UZ 26 6.53850E-01 ... 1.00000E+00 -2.99377E-13
50 EP 27 4.53636E-01 ... 1.03049E+00 -3.04875E-02

detecting a boundary equilibrium of vector field f(2) (zero of test function 2 at label 26). The forward
and backward continuations of the boundary equilibrium bifurcation (computations 9 and 10) give the

following outputs (see curve BE(Q- in Figure 25)

PT TY LAB  PAR(5) PAR( 2) PAR( 41)

1 EP 28 6.53850E-01 ... 3.30000E-01 0. 00000E+00
20 29  7.76769E-01 ... 3.05643E-01 0. 00000E+00
34 LP 30 9.95619E-01 ... 2.08084E-01 -7.34674E-02
39 UZ 31 9.66081E-01 ... 1.72243E-01 1.93017E-08
40 32  9.54478E-01 ... 1.65785E-01 1.32372E-02
60 33  2.39419E-01 ... 2.67371E-02 0. 00000E+00
80 EP 34 8.85139E-05 ... 9.24969E-06 0. 00000E+00
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PT

1
20
40
60

where label 31 in the forward computation identifies a second boundary-Hopf codimension-2 bifurcation

TY LAB
EP 28
29
30
EP 31

PAR( 5)

6. 53850E-01 . ..
5.41730E-01 ...
1.12237E-01 ...
1. 59648E-06 ...

PAR( 2)
3. 30000E- 01
3. 48582E- 01
4. 04090E- 01
4.16169E- 01

PAR( 41)
0. 00000E+00
0. 00000E+00
0. 00000E+00
0. 00000E+00

(see again point H in Figure 26), as a zero of test function 1.

Restarting from the solution at label 26 of computation 8, we continue the stable focus of vector field

f® for decreasing values of o (computation 11)

PT

1
10
20
30
40
44
50

TY LAB
EP 28
29
30
31
32
HB 33
EP 34

PAR( 2)

P RPPFEPNOO®W

. 30000E-01 ...
. 25483E-01 . ..
. 08632E-01 ...
.57424E-01 . ..
.92281E-01 ...
. 72243E-01 . ..
. 32406E-01 ...

(1)
-2. 31998E- 01
-2. 45781E- 01
-2.98943E- 01
- 4. 80366E- 01
-7.72133E-01
-8.82183E-01
- 1. 14522E+00

u 2)
- 4. 24877E- 01
- 3. 87566E- 01
-2.70292E- 01
- 6. 22558E- 02
-1. 01750E- 02
- 3. 45071E- 02
- 1. 46268E- 01

NWWNEFENO

PAR( 41)

. 73852E- 12
. 48564E- 02
. 09306E- 01
. 85792E- 01
. 36026E- 01
. 12231E- 01
. 10076E- 01

detecting a Hopf bifurcation (label 33). For the same arguments used before, the Hopf bifurcation curve
of vector field f(?) is a straight line (see curve H, in Figure 26), therefore, we avoid its numerical
computation.

We now continue the stable limit cycle originating from the Hopf bifurcation (which can be shown
to be supercritical by means of suitable software, e.g. CONTENT (Kuznetsov & Levitin, 1995-1997); see
Kuznetsov (1998) for an analytical proof) for decreasing values of «o (computation 12), obtaining the

following output

PT TY LAB  PAR(2) PERI OD PAR(41)

10 35 1.72111E-01 ... 3.02580E+01 2. 90096E- 01
20 36 1.70870E-01 ... 3.07029E+01 2. 30798E-01
30 37  1.67490E-01 ... 3.20771E+01 1.33031E-01
40 Uz 38 1.62226E-01 ... 3.48569E+01 -6.10623E-14
50 EP 39 1.57846E-01 ... 3.79726E+01 -1.13806E-01

where label 38 indicates a touching (grazing) bifurcation (zero of test function 1). Notice that SLIDECONT
does not support the automatic switch from cycle to touching (grazing) continuation. Thus, the user
must provide a data file (hppc. dat . 13) which specifies numerically the starting solution. This file
can be easily constructed from the solution at label 38 of the output file (g. hppc. 12) produced by

cycle continuation. Though not explicitly pointed out in the following, a similar remark holds for each
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non-automatically supported switch between problems. The forward and backward continuations (com-

putations 13 and 14) give the following outputs (see curve T'C'H» in Figure 26)

PT
10
20
30
38
40
50

PT
40
80

120

160

200

TY LAB

EP

2

~NOo 0ok~ Ww

TY LAB

EP

OO~ WN

PAR( 5)

P ©O© Oo0~N®

PAR( 5)

5. 44655E-02 . ..
1. 28314E-05 ...
7.38073E-11 ...
3.09171E-17 ...
3. 46004E-24 . ..

. 78992E-01 ...
.87620E-01 . ..
.96762E-01 . ..
. 66082E-01 ...
.82029E-01 . ..
. 03897E+00 . ..

PAR( 2)

. 63219E- 01
. 67518E- 01
. 71199E- 01
. 72243E- 01
. 72158E- 01
. 69287E- 01

PR RRRPPR

PAR( 2)

. 11966E- 01
. 66698E- 02
. 84162E- 02
. 14904E- 02
. 15577E- 03

O RPWeR

PAR( 61)

. 42591E+01
. 20644E+01
. 05823E+01
. 02124E+01
. 02418E+01
. 13145E+01

WwWwwwww

PAR( 61)

6. 80716E+01
1. 75100E+02
3. 37676E+02
5. 36404E+02
7. 53186E+02

PAR( 41)
-1.17523E- 01
- 8. 36044E- 02
- 3. 69883E- 02

1. 00995E- 08
9. 58993E- 03
5. 00037E- 02

PAR( 41)
- 3. 70434E- 02
-1. 17004E- 05
-7.05412E- 11
- 3. 00635E- 17
- 3. 39223E- 24

where point H of Figure 25 is detected again during the forward computation (zero of test function 1
at label 5). At point H the touching (grazing) cycle degenerates to a point (boundary-Hopf bifurca-
tion). Thus, the solutions obtained in computation 13 after this point are spurious, because the touching
(grazing) cycle of vector field (1) lies in region S,.

Starting from the touching (grazing) cycle at label 38, we continue the sliding cycle originating from
the touching (grazing) bifurcation (i.e. an orbit of vector field f(2) connecting a tangent point of f(2)

with the boundary X2) for decreasing values of a5 (computation 15).

PT TY LAB  PAR(2) PAR( 61) PAR( 44) PAR( 45)

10 2 1.62194E-01 ... 3.44617E+01 1.31463E-01 -1.71899E- 02
20 3 1.60021E-01 ... 3.15805E+01 1.00953E-01 - 1.38230E- 02
26 UZ 4 1.54167E-01 ... 2.85774E+01  6.56335E-02 -3.45955E- 12
30 5 1.42164E-01 ... 2.50970E+01 2.46167E-02 2. 65791E- 02
34 UZ 6 1.29442E-01 ... 2.27310E+01 -8.43333E-11 5. 21760E- 02
40 7  9.76398E-02 ... 1.99475E+01 -2.10734E-02 1.15167E-01
48 Uz 8 8.87051E-02 ... 2.11274E+01 -1.50894E-09 1. 15456E-01
50 EP 9 8.75947E-02 ... 2.17676E+01 2.76574E-02 9. 15012E- 02

Label 4 indicates a pseudo-homoclinic bifurcation, i.e. the presence of an orbit of vector field f (2 con-
necting a tangent point of f(2) with a pseudo-equilibrium (zero of test function 5), while labels 6 and 8
indicate buckling (switching) bifurcations, i.e. the presence of an orbit of vector field f(2) connecting a
tangent point of (2 with a tangent point of f(1) (zeros of test function 4).

Starting from the solutions at labels 4 and 6, we continue the corresponding bifurcations, forward
and backward (computations 16-19), thus obtaining the outputs reported below (see curves T'G P and

TT Dy in Figure 26).
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PT TY LAB  PAR(5) PAR( 2) PAR( 43) PAR( 44)
20 2  6.97557E-01 ... 1.55978E-01 ... 4.36976E-01 5.63024E-01
40 3  7.67487E-01 ... 1.58273E-01 ... 3.21617E-01 6.78383E-01
60 4 8.40062E-01 ... 1.59322E-01 ... 2.03457E-01 7.96543E-01
80 5 9.07660E-01 ... 1.56286E-01 ... 6.53144E-02 9. 34686E-01
88 UZ 6 9.23286E-01 ... 1.51997E-01 ... 3.36276E-08 1.00000E+00
93 LP 7 9.25049E-01 ... 1.49351E-01 ... -2.84730E-02 1.02847E+00
100 EP 8 9.12387E-01 ... 1.40275E-01 ... -9.98941E-02  1.09989E+00
PT TY LAB  PAR(5) ... PAR(2) PAR( 43) PAR( 44)

20 2 6.09661E-01 ... 1.52064E-01 ... 5.98773E-01 4.01227E-01
40 3 5.56162E-01 ... 1.49051E-01 ... 7.10961E-01 2.89039E-01
60 4 5.08334E-01 ... 1.45688E-01 ... 8.21017E-01 1.78983E-01
80 5 4.65764E-01 ... 1.41796E-01 ... 9.24967E-01 7.50331E-02
97 UZ 6 4.35242E-01 ... 1.38171E-01 ... 1.00000E+00 -9.17078E-10
100 EP 7  4.29923E-01 ... 1.37443E-01 ... 1.01281E+00 -1.28088E-02
PT TY LAB  PAR(5) ... PAR(2) PAR( 61) PAR( 43)

19 LP 10 7.11638E-01 ... 1.12554E-01 1.99485E+01  7.00017E- 01

20 11  7.08720E-01 ... 1.07769E-01 1.98371E+01 7.52608E-01

40 12 4.19217E-01 ... 4.97571E-02 7.62366E+01 6.82921E-01

60 13 4.12679E-01 ... 4.88618E-02 9.72040E+01 6. 74863E- 01

80 14  4.12442E-01 ... 4.88294E-02 9.84043E+01 6. 74569E- 01
100 EP 15  4.12440E-01 ... 4.88290E-02 9.84173E+01 6. 74566E- 01

PT TY LAB  PAR(5) ... PAR(2) PAR( 61) PAR( 43)

20 10 5.23313E-01 ... 1.37062E-01 2.84719E+01 1.08711E-01

25 UZ 11 4.35242E-01 ... 1.38171E-01 3.26994E+01 -9.88708E-11

31 Uz 12 2.00000E-01 ... 1.29693E-01 4.64692E+01 -1.00318E-01

40 13  2.85815E-02 ... 9.18817E-02 7.16601E+01 -2.54400E- 02

60 14  8.18660E-04 ... 5.36179E-02 1.17558E+02 -8.08507E- 04

80 15  1.43765E-05 ... 3.60365E-02 1.71494E+02 -1.43008E- 05
100 EP 16  1.41020E-07 ... 2.62269E-02 2.33775E+02 - 1.40492E- 07

Labels 6 in computations 16 and 17 correspond to the codimension-2 bifurcation points G and C' in
Figure 26, respectively (zeros of test functions 3 and 4). Point C' is also detected during computation 19
(zero of test function 3 at label 11).

Starting from the user output point at label 12 of computation 19, we continue the sliding cycle
originating from the buckling (switching) bifurcation (i.e. a crossing orbit of vector fields (2, f(1)

connecting a tangent point of f(2) with the boundary %) for decreasing values of s (computation 20)

PT TY LAB  PAR(2) PAR( 61) PAR( 62) PAR( 45)

20 2 1.25296E-01 ... 4.50573E+01 2.27843E+00 - 3. 63682E- 02
40 3 9.43993E-02 ... 3.80478E+01 1.64804E+01 -5.38328E- 04
41 Uz 4 9.38293E-02 ... 3.79463E+01 1.67780E+01 2. 34665E- 12
50 EP 5 5.93235E-02 ... 3.28817E+01 4.36469E+01 1. 62700E- 02
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detecting a crossing-crossing bifurcation (zero of test function 5 at label 4), whose forward and backward

continuations (computations 21 and 22) give the following outputs (see curve T'C'T5 in Figure 26)

PT TY LAB  PAR(5) ... PAR(2) ... PAR(44)

20 6 2.40485E-01 ... 9.81182E-02 ... -1.05289E-02
40 7 3.36752E-01 ... 1.08317E-01 ... -1.41588E-02
60 8  4.55907E-01 ... 1.21933E-01 ... -1.48638E-02
78 UZ 9 5.50830E-01 ... 1.36213E-01 ... 1.81976E-11
80 10 5.57225E-01 ... 1.37788E-01 ... 3.09460E- 03
87 LP 11 5.66527E-01 ... 1.42303E-01 ... 1.32836E-02
100 EP 12  5.42426E-01 ... 1.46714E-01 ... 2.38698E-02
PT TY LAB  PAR(5) ... PAR(2) ... PAR(44)

20 6 1.46530E-01 ... 8.78584E-02 ... -6.48039E-03
40 7 1.05962E-02 ... 5.87733E-02 ... -4.70094E- 04
60 8 1.56275E-04 ... 3.79024E-02 ... -6.93305E-06
80 9 1.23652E-06 ... 2.68820E-02 ... -5.48539E-08
100 EP 10 6.39789E-09 ... 2.04284E-02 ... -2.83807E-10

where label 9 of the forward computation corresponds to the codimension-2 bifurcation points D of
Figure 26 (zero of test function 4).
We now restart from the (supercritical) Hopf bifurcation of vector field f() (label 4 of computa-

tion 1) and continue the stable limit cycle originating from it for decreasing values of ao (computa-

tion 23)

PT TY LAB  PAR(2) o PERI OD PAR(41)

10 9 7.77537E-01 ... 3.38224E+01 -7.30472E-01
20 10  7.58064E-01 ... 3.45201E+01 -5.10637E-01
30 11  6.63927E-01 ... 3.86395E+01 -3.22890E-01
40 12 4.91392E-01 ... 5.07445E+01 -3.76301E-01
49 Uz 13  3.30000E-01 ... 7.18753E+01 -5.59307E-01
50 EP 14  3.14964E-01 ... 7.47881E+01 -5.79500E-01

and, starting from the user output at label 13, for decreasing values of a5 (computation 24)

PT TY LAB  PAR(5) o PERI OD PAR( 41)

10 15  2.48900E+00 ... 7.18753E+01 - 4.82933E- 02
11 UZ 16  2.44071E+00 ... 7.18753E+01 -4.63707E-08
14 EP 17 -5.59294E-01 ... 7.18753E+01 3. 00000E+00

thus detecting, at label 16, a touching (grazing) bifurcation (zero of test function 1), whose forward and

backward continuations (computations 25 and 26) are reported below (see curve T'C H; in Figure 25).
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PT TY LAB  PAR(5) PAR( 2) PAR( 61) PAR( 41)

20 2 2.46383E+00 ... 3.47550E-01 6.87607E+01 3. 09391E+00
40 3 2.53907E+00 ... 4.08450E-01 5.97995E+01  2.52081E+00
60 4 2.62710E+00 ... 4.95379E-01 5.03757E+01 1. 89425E+00
80 LP 5 2.68762E+00 ... 6.21707E-01 4.09735E+01 1. 16644E+00
97 UZ 6 2.22250E+00 ... 7.78000E-01 3.38064E+01 5.06351E- 08
100 EP 7  1.88932E+00 ... 7.60450E-01 3.44321E+01 -2.23574E-01
PT TY LAB  PAR(5) ... PAR(2) PAR( 61) PAR( 41)

20 2 2.40026E+00 ... 3.00123E-01 7.79182E+01  3.67640E+00
40 3  2.18753E+00 ... 1.49210E-01 1.41240E+02  7.83949E+00
60 4 2.03316E+00 ... 3.68003E-02 5.12072E+02 3. 29342E+01
80 5 1.99537E+00 ... 6.28300E-03 2.91247E+03  1.95212E+02
100 EP 6 1.99139E+00 ... 2.55826E-03 7.12930E+03 4. 80409E+02

where label 6 of the forward computation corresponds to the codimension-2 bifurcation points B of
Figure 25 (zero of test function 1). After this point the solution has no sense.
As already done for vector field f(2), we continue the sliding cycle originating from the touching

(grazing) bifurcation (label 16 of computation 24) for decreasing values of a5 (computation 27)

PT TY LAB  PAR(5) PAR(41) PAR( 45)
40 2 2.28039E+00 ... 2.73091E+00 -7.65388E-01
80 3 1.81794E+00 ... 1.38427E+00 -1.91760E-01
103 UZ 4  1.50000E+00 ... 6.92441E-01 -6.24439E-02
119 Uz 5 1.22753E+00 ... 2.51248E-01 2. 39698E- 13
120 6 1.20857E+00 ... 2.25765E-01 1.60261E-03
130 Uz 7  1.02940E+00 ... 1.83584E-02 -4.03145E-13
132 Uz 8 1.01048E+00 ... -2.30242E-09 2.47076E-11
160 9 8.11376E-01 ... -1.52349E-01 1.73077E-02
200 EP 10 6.69562E-01 ... -2.15265E-01 2. 58086E- 02

thus detecting a pseudo-homoclinic bifurcation (zero of test function 5 at labels 5 and 7), whose forward

and backward continuations (computations 28 and 29) are reported below (see curve T'G P; in Figure 25)

PT TY LAB  PAR(5) PAR( 2) PAR( 43) PAR( 44)
10 2 1.22947E+00 ... 3.33549E-01 ... b5.17583E-01 4.82417E-01
14 LP 3 1.23038E+00 ... 3.37747E-01 ... 4.85347E-01 5.14653E-01
20 4 1.21954E+00 ... 3.48173E-01 ... 3.75685E-01 6.24315E-01
30 5 1.13889E+00 ... 3.48593E-01 ... 1.76992E-01 8. 23008E-01
40 6 9.78219E-01 ... 3.18569E-01 ... 2.65354E-03 9.97346E-01
41 Uz 7 9.74779E-01 ... 3.17757E-01 ... 3.38507E-09 1. 00000E+00
50 EP 8 8.52887E-01 ... 2.86163E-01 ... -7.73273E-02  1.07733E+00
PT TY LAB  PAR(5) ... PAR(2) PAR( 43) PAR( 44)

10 2 1.22462E+00 ... 3.26290E-01 ... 5.66373E-01 4.33627E-01
20 3 1.19145E+00 ... 3.01936E-01 ... 6.96532E-01 3. 03468E-01
30 4 1.07533E+00 ... 2.49321E-01 ... 9.04037E-01 9.59632E- 02
36 UZ 5 9.92599E-01 ... 2.19545E-01 ... 1.00000E+00 -2.20176E-09
40 6 9.35376E-01 ... 2.00814E-01 ... 1.05534E+00 -5.53443E-02
50 EP 7 7.98581E-01 ... 1.60300E-01 ... 1.16489E+00 -1.64888E-01
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and identify the codimension-2 bifurcation points A and I in Figures 25 and 26 (zeros of test functions 3
and 4 at labels 7 and 5 in the forward and backward computations, respectively).
Continuing again the sliding cycle of computation 27, starting from the user output point at label 4

for decreasing values of ao (computation 30)

PT TY LAB  PAR(2) PAR( 61) PAR( 44)

10 11  3.27180E-01 ... 3.79075E+01 - 6.52592E- 02
20 12 3.00261E-01 ... 4.23003E+01 - 4.28902E- 02
30 13  2.51521E-01 ... 5.29961E+01 -1.36618E-02
35 UZ 14 2.23157E-01 ... 6.12665E+01 5.25195E- 13
40 15  1.84635E-01 ... 7.60351E+01 1. 78660E- 02
50 EP 16 1.40280E-01 ... 1.01650E+02 4.03611E- 02

we detect a buckling (switching) bifurcation (zero of test function 4 at label 14), whose forward and

backward continuations (computations 31 and 32) give the following outputs (see curve 7T D1 in Fig-

ure 26)
PT TY LAB PAR( 5) PAR( 2) PAR(61) PAR( 43)
20 17  1.57430E+00 ... 2.09054E-01 7.00127E+01 4.55407E-01
40 18  1.83312E+00 ... 1.29146E-01 1.35543E+02 1.45478E+00
60 19  1.96568E+00 ... 3.64351E-02  4.99926E+02 9. 28855E+00
80 20 1.98489E+00 ... 6.36240E-03 2.86109E+03  6.27551E+01
100 EP 21  1.98719E+00 ... 2.57161E-03 7.07785E+03  1.58493E+02
PT TY LAB PAR( 5) ... PAR(2) PAR(61) PAR( 43)
40 17  1.35673E+00 ... 2.39149E-01 4.95065E+01 2.27234E-01
68 UZ 18 9.92599E-01 ... 2.19545E-01 3.62614E+01 2.91412E-11
80 19 4.65709E-01 ... 1.16683E-01 3.01776E+01 -1.40896E-01
120 20  2.42453E-02 ... 6.36225E-03 2.79175E+01 -1.42195E-02
160 21  1.42387E-03 ... 3.74265E-04 2.78305E+01 -8.56510E- 04
200 EP 22 8.41273E-05 ... 2.21150E-05 2.78255E+01 -5.06800E-05

where label 18 in the backward computation corresponds again to the codimension-2 bifurcation point
I in Figure 26 (zero of test function 3).
We now continue the sliding cycle originating from the buckling (switching) bifurcation (label 14 of

computation 30) for decreasing values of a5 (computation 33)

PT TY LAB  PAR(2) PAR( 61) PAR( 62) PAR( 45)

20 2  2.18770E-01 ... 6.27164E+01 1.51874E-01 3. 08010E- 01

40 3 1.88132E-01 ... 7.44769E+01 1.06016E+00 2. 92309E- 01

60 4  1.03584E-01 ... 1.37591E+02 2.02648E+00 1.81107E-01

72 UZ 5 5.45143E-02 ... 2.57363E+02 1.84682E+00 - 8.49024E- 11

80 6 2.33203E-02 ... 5.94075E+02 1.61535E+00 - 6.61825E- 02
100 EP 7 3.95110E-03 ... 3.47969E+03  1.47370E+00 -6.66000E- 02
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thus detecting a crossing-crossing bifurcation (zero of test function 5 at label 5), whose forward and

backward continuations (computations 34 and 35) are reported below (see curve T'C'T; in Figure 26).

PT TY LAB  PAR(5) ... PAR(2) ... PAR(41) PAR( 44)

20 8 1.52984E+00 ... 5.16540E-02 ... 1.25818E+01 1.01595E-01

40 9 1.73297E+00 ... 3.08930E-02 ... 2.85271E+01  1.19799E-01

60 10  1.92386E+00 ... 8.44640E-03 ... 1.34447E+02 1.38984E-01

80 11 1.96698E+00 ... 2.88164E-03 ... 4.15863E+02  1.43693E-01
100 EP 12  1.97580E+00 ... 1.72740E-03 ... 7.01312E+02 1.44674E-01

PT TY LAB  PAR(5) ... PAR(2) ... PAR(41) PAR( 44)

80 8 1.41617E+00 ... 6.23651E-02 ... 8.60407E+00 9.20870E- 02
160 9 1.27960E+00 ... 7.47643E-02 ... 5.54947E+00 8.11215E-02
240 10  1.06399E+00 ... 9.42596E-02 ... 2.68788E+00 6.45378E-02
279 Uz 11  9.00000E-01 ... 1.09860E-01 ... 1.40860E+00 5.23570E- 02
319 Uz 12 5.50830E-01 ... 1.36213E-01 ... 1.53073E-01 1.33521E-10
320 13 5.32750E-01 ... 1.36814E-01 ... 1.23238E-01 -1.05770E-02
327 UZ 14 4.35266E-01 ... 1.38179E-01 ... -2.68822E-09 -8.99695E-02
400 EP 15 3.09084E-01 ... 1.36026E-01 ... -8.45254E-02 -7.76109E- 02

Labels 12 and 14 of the backward computation correspond again to the codimension-2 bifurcation points
D and C of Figure 26, respectively (zeros of test functions 4 and 1).

Starting from the user output point at label 10, we continue the sliding cycle originating from the
crossing-crossing bifurcation (i.e. a crossing orbit of vector fields (1), f(2) connecting a tangent point

of () with the boundary X) for increasing values of a5 (computation 36).

PT TY LAB  PAR(2) ... PAR(46) PAR( 47)
20 16  1.14806E-01 ... -1.76448E-01 -2.30574E-01
40 17  1.29605E-01 ... -1.42232E-01 -1.45501E-01
60 18  1.48027E-01 ... -9.28119E-02 -6.15887E-02
80 19  1.69601E-01 ... -3.54030E-02 -2.17204E-03
82 UZ 20 1.70986E-01 ... -3.18574E-02 5.04256E- 12
99 LP 21 1.80346E-01 ... 1.74496E-13 7.56008E- 03
100 EP 22  1.80301E-01 ... 1.49712E-03  7.28495E-03

Label 20 indicates a pseudo-homoclinic bifurcation, i.e. the presence of a crossing orbit of vector fields
f@, £ connecting a tangent point of f(1) with a pseudo-equilibrium (zero of test function 7), while
label 21 indicates the presence of a crossing orbit of vector fields f(), f(2) connecting a tangent point
of () with a tangent point of f(2) (zero of test function 6). The forward and backward continuations
of these bifurcations (computations 37-40) give the following outputs (see curves T'C'P; and T'C' D1 in

Figure 26)
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PT TY LAB  PAR(5) ... PAR(2) ... PAR(46)

20 2 7.36964E-01 ... 1.58109E-01 ... 3.76354E-01
40 3 1.01536E+00 ... 2.05810E-01 ... 3.73121E-02

41 LP 4 1.01545E+00 ... 2.06746E-01 ... 3.51155E-02

46 Uz 5 9.92599E-01 ... 2.19545E-01 ... 3.03505E-10

60 6 1.93557E-01 ... 5.85610E-02 ... -4.03693E-01

80 7 8.80653E-03 ... 2.84106E-03 ... -5.00675E-01
100 EP 8 4.73232E-04 ... 1.59320E-04 ... -5.05290E-01

PT TY LAB  PAR(5) ... PAR(2) ... PAR(44)

20 2 6.64025E-01 ... 1.54660E-01 ... 9.66445E-03

25 UZ 3 6.26627E-01 ... 1.52906E-01 ... 4.79962E-15

40 4  4.92656E-01 ... 1.44396E-01 ... -6.56560E-02

60 5 3.90105E-01 ... 1.30804E-01 ... -9.25824E-02

80 6 1.27499E-01 ... 4.53387E-02 ... -3.19934E-02
100 EP 7 5.46504E-02 ... 1.94337E-02 ... -1.37203E-02

PT TY LAB  PAR(5) ...  PAR(2) ... PAR(44) PAR( 45)

40 23 9.80627E-01 ... 2.03284E-01 ... 1.34864E-02 -7.29041E-03
78 LP 24 9.92657E-01 ... 2.18461E-01 ... 1.13581E-03 -2.31160E-04
80 25  9.92640E-01 ... 2.19054E-01 ... 5.19980E-04 -1.00907E-04
82 UZ 26 9.92599E-01 ... 2.19545E-01 ... -1.17031E-10 2.18153E-11
120 27  9.88472E-01 ... 2.27873E-01 ... -1.03617E-02 8.41806E- 04
160 28  9.82712E-01 ... 2.33226E-01 ... -1.89340E-02 7.16653E- 04
200 EP 29 9.77730E-01 ... 2.36848E-01 ... -2.57838E-02 4.89891E- 04
PT TY LAB  PAR(5) ... PAR(2) ... PAR(44) PAR( 45)

20 23  8.59208E-01 ... 1.74863E-01 ... 2.32613E-02 -5.70129E-02
40 24  7.58033E-01 ... 1.66882E-01 ... 1.63950E-02 -9.42467E-02
60 25  6.74568E-01 ... 1.63044E-01 ... 4.81413E-05 -1.18639E-01
61 UZ 26 6.74401E-01 ... 1.63037E-01 ... 1.01363E-09 -1.18681E-01
80 27  6.10048E-01 ... 1.60579E-01 ... -2.55614E-02 -1.32471E-01
100 EP 28 5.64458E-01 ... 1.58824E-01 ... -5.34391E-02 -1.39407E-01

and identify the codimension-2 bifurcation points E, I and F' of Figure 26 (zeros of test functions 4, 5,

and 4 at labels 3, 26, and 26 of computations 38, 39, and 40, respectively).
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