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Abstract

Finite set constraints represent a natural choice to model configuration de-
sign problems using set cardinality and disjointness, covering or partition con-
straints over (families of) set variables. Such constraints are available in most set-
based constraint languages, often in the form of n-ary decomposable constraints.
The corresponding filtering algorithms make use of local bound consistency tech-
niques. In this paper we show that when the set cardinality constraints are handled
together with the n-ary constraints, and set variable domains are specified by set
intervals, efficient global filtering algorithms can be derived. We consider the par-
ticular case of the n-ary disjoint constrafisjoint( [Xis--,Xal, [C5-- -, Cn))
for a family of pairwise disjoint setX; of fixed cardinalityc,. We present a set
of conditions and inference rules to infer Bounds Consistency (BC), together with
an efficient global filtering algorithm. We also explain why this level of pruning
cannot be achieved with a common FD formulation based on the alldiff constraint,
enriched with lexicographic ordering constraints; but is actually equivalent to a
dual FD representation based on the Generalized Cardinality Constraint.

1 Introduction and previous work

Finite set constraints solvers have been embedded in a growing number of CP lan-
guages such as Conjunto [7], llog Solver [11], MOZART [14], FaCilLe [2], CHOCO
[12] and shown their strengths in modelling configuration design problems such as
matching problems, and handling symmetries with a natural mathematical formulation
[6, 3]. Conjunto and its peers comprise the usual set operation synmmhals\(), the

set cardinality relation|(|) and the set inclusion relatioj. For practical modelling
reasons most languages provide a set-afy constraints which are syntactic abstrac-
tions for a collection of respectively binary and ternary constraints. Set variables range
over set domains (sets of sets) specified by intervals whose lower and upper bounds
are known sets, ordered by set inclusion, eXge [{1},{1,2,3}]. The lower bound,
denotedglb(X), contains the definite elements of the set (1) while the upper bound
lub(X), contains in addition the potential elements3R2 The constraint reasoning is
based on local bound consistency techniques extended to handle set constraints [8].



Previous studies in constraint programming have demonstrated the importance of
designing global filtering algorithms for specific classes of constraints. It has essen-
tially been the realm of Finite Domain (FD) constraints pioneered by [4] and [15]'s
work on thealldiff . We are not aware of any global filtering method for some Fi-
nite Set constraints, except some preliminary results in [17]. In this paper, we show that
when the set cardinality constraints are considered together with n-ary set constraints,
a global filtering can be enforced efficiently.

In this paper, we consider the particular casdisjoint( [Xy5---s Xn]s[Cy, - -+, Cn))

, an n-ary set constraint of pairwise disjoint sets of fixed cardinalities. Fixed cardinal-
ity sets occur in most configuration design problems and thus cover a large class of
practical problems. However, when the set cardinality is known, the global disjoint
constraint can be formulated by an equivalent FD model: i.e. whelf® variables

are created to represent each set, with domain the l.u.b. of the corresponding set, and
the alldiff constraint is applied to all variables. Symmetries may be removed by
having a lexicographic ordering constraint between variables representing one set. For
example the constraint system over sets:

X in (141,234}, Y in [{}, {1.34}]]
disjoint([X,Y], [2,2])

can be modeled as:

X1,X2 in [1,2,3,4], Y1,Y2 in [1,3,4]
alldiff([X1,X2,Y1,Y2]), X1 < X2, Y1 < Y2

While both models are semantically equivalent, more pruning can be achieved with
the set model than its FD counterpart. The key lies in an inference rule, which we
define, that detects when an elemanistbelong to a specific set (e.g. in the above
example, 2 must belong 9%). The FD model can not enforce this addition because
there exist solutions with 2 assigned eitheXtb(i.e.X = {2,3} or X = {2,4}) or to X2

(i.e. X ={1,2}). The FD model introduces a disjunction which is not resolved by the
ordering constraints (meant to remove symmetries). The strengths of the set model and
global filtering we propose, come from the fact that 1) we can address the disjointness
together with the set cardinality constraints in a deterministic manner to infer BC, 2)
we do so at a computational cost similar to glieliff filtering method [15].

Our contribution lies in the definition of a global satisfiability condition and two
inference rules, and the proof that they are necessary and sufficient to ensure satis-
fiability and BC for thedisjoint( (X5, %al,[Cq,...,Cn]) constraint over sets of
fixed cardinalities. While implementing the inference rules as such would lead to an
exponential time complexity, we show how the proof procedure can be turned into an
efficient global filtering algorithm which detects satisfiability and infers BC in polyno-
mial O(ncw/nc) time, wherev is the size of the union of the set domains upper bounds
andc is the largest cardinality. The proof exploits Hall's theorem and the application
of packing numbers to partially known sets (specified by set intervals).

We finally show how our algorithm compares with the GCC GAC algorithm[16],
when considering a dual FD representation of the disjoint constraint based on the Gen-
eralized Cardinality Constraint. This dual model holds because of the injective map-
ping between the elements and the sets (each element belongs to atmost 1 set).



2 Background

A fair amount of research has been devoted in configuration design to derive counting
functions that determine the maximum number of sets, with a given cardinality, allowed
in a known superset under some constraints [5]. The configurations are referred to
ast-designswhere instances are solutionsgartition andatmost constraints

“any two sets have atmost one element in common” (e.g. Steiner triple systems), or
t-packingswhere instances are solutions disjoint and distinct constraints

over a family of unknown or partially known sets. The counting functions can be used
successfullyo perform some global reasoning if they can be applied to partially known
sets. We use a counting function that derivestheking numbewhich (we show) can

be applied when using set intervals to specify partially known sets.

To simplify the proof and discussion we assume from here on that all sets have the
same fixed cardinalitg which we denotaisjoint( [Xi,-.-,%n],€) . This greatly
simplifies the reasoning of the proof without affecting the ability of the algorithm to
work on the original constraint. Indeed any arbitreigjoint( (X155 X%n)s[Cq, .-+, Cn))
constraint can be transformed intdisjoint( [X.,...,X%n],C) constraint. We do so
by simply padding the g.l.b.s of smaller set variables with new and distinct elements
until all sets have the same cardinalityThe two constraints clearly have exactly the
same solutions modulo the added elements.

2.1 Global disjointness and packing number

Thedisjoint( [X,...,%n],C) constraint requires any two of the set variables to be
pairwise disjoint and of cardinality. A solution to this constraint can be expressed as
a t-packing.

Definition 1 A t— (v,c,A) packing, or t-packing, is a collection of distinct subsets
(blocks) of a ground set A, where:

e Each block has ¢ elements

e Ahasv elements, and is called thase set

e Any set of t elements of A appears in atmb&tiocks

e we haveD <t <c<v,andA > 0.

A family of disjoint sets of same cardinality, subsets of a known sétof sizev,
forms a 1— (v,c, 1) packing, since every single elementArshould appear in atmost
1 set. This also holds for partially defined sets, whis defined as the union of the
set domains l.u.b.'s. Thus we define all solutions to digoint( [Xys-- -, %n],C)
constraint to be % (v,c,1) packings where:

D)A=Upy lubX) 2)[A=v
3) Vi nlXl=c 4)1<c<v

For a givent — (v,c,A) packing, thepacking numbeidetermines the maximum
number of sets that can exist in the packing. This number is not known or easily



derivable forall t-packings. However, it has been derived for some combinations of
parameters and also many bounds are known. For the disjointness constraint, the pack-
ing number is known and defines the maximum number of disjoint sets ot $iwd

we can build from a-element superset. We have:

Definition 2 The packing number of &— (v,c,1) packing is| ¢].

Itis worth noting that when the packing number (for disjoint sets) is exgdig when
n= 1Y), we have a partition since all sets are disjoint and each element of the base set
will belong to exactly one set. This remark is core to our inference rules.

2.2 Hall's theorem [9]

Let us now recall Hall's theorem since we will make use of it in our proof of satis-
fiability and BC. Given a collection of subseXs,..., X, of av-setA, a System of
Distinct Representatives (SDR) fi, ..., X, is a family {e,,...,e,} of elements oA
satisfying the conditions

1) geXfori=1...n  2) g#efori#]j

The first condition asserts that the elements are representatives of the sets, and the
second that they are distinct.

Hall's theorem says that a family of finite sets has an SiDRhe union of anyk
of the sets contains at ledstlistinct elements. Hall proved that this condition is also
sufficient for the existence of an SDR.

For example, the setdl, 3},{2,4},{1,4},{2,5} possess an SDR since we can se-
lect the family{3,2,1,5} to represent respectively each of the four sets. However, the
sets{1,3},{2,4},{1,4},{1,2},{2,3} do not have an SDR since the five sets have only
4 distinct elements in their union, which is not enough to represent 5 sets.

Notations To simplify the coming discussion we introduce the following conven-
tions. We useSto denote{X,,..., Xy} (all the variables involved in the constraint).
Subsets of the problem variables (when required) will be referredto@®R. A solu-

tion to a constraint is an assignment of values to variables such that the constraint is sat-
isfied. We denote a solution by the mapping : S— Z(A) whereA = Uy _glub(X).

3 Satisfiability

To achieve BC for thalisjoint( S c) constraint, there must be at least one solu-
tion to the constraint (both theoretically and algorithmically). This section gives nec-
essary and sufficient conditions to determine satisfiability fordisgint( Sc©
constraint.

The disjoint( S c) constraint is set within a finite set constraint system, and
thus prior to satisfiability, the set domain constraints and associated set cardinality
constraints must be locally consistent. We recall such notions, together with the local
satisfiability condition fodisjoint( Sc) , denotedSAT-0.



3.1 Local consistency[8]

The local consistency notions for the basic set domain and cardinality constraints are:

a.  Xe[glb(X),lub(X)] < glb(X) C X C lub(X)
b [gIb(X)| < |X| < [lub(X)|

SAT-0 applies to a familys of pairwise disjoint sets. It ensures that definite elements
of a set (in the g.l.b.) are not available to any other set (not in the l.u.b.).

X C (lub(X) \ glb(Y))
XY € 3{ Y € (lubi)\ glb(x)

The constraindisjoint( S c) islocally consisteniff the local consistency no-

tionsa. andb. hold together wittSAT-0.
Consider the system of constraints:

X in [{1}{1,2,3,4,5)], Y in [{2}.{1,2,3}],
Z in [{3}.{3.4,5)], disjoint({X,Y,Z},2).

Applying SAT-0 prunes 1 and 3 frortub(Y). This leads to a failure sincéis forced
to contain only the element 2 (the local consistency notion b. is not satisfied).

3.2 SDR anddisjoint( S1

Itis hopefully clear that from an SDRg, - - - &, } for the family of setdub(X ) - - - lub(X,)
we can construct a solution tadssjoint( {X{,...,%},1) constraint provided the
g.l.b. for all variables is empty. And vice-versa.

This statement does not generalize to sets of arbitrary cardiwalityr to set vari-
ables with non-empty g.l.b.s. The following global satisfiability conditiS&T-1,
addresses these points.

3.3 SAT-1

SAT-1 exploits the packing number and the fact that any subset of a family of disjoint
sets is also a family of disjoint sets. Given a fan#ilgf pairwise disjoint sets of sizg
SAT-1 states that foanycollection of setd) : U C S the packing number associated
with the base seA (union of the upper bounds) must be greater than the size of

A
w s A= [J b, A >yl
c
Xeu
Consider the system of constraints:

X in [3,41,2,3,4), Y in [{,{1,2,4,5)],
Z in [,{1,3,5)], disjoint(X,Y,Z},2).

SAT-1 holds for all families of sets except one. For the fardily,Y,Z} we have:
A=1{1,2,3,4,5},|A|=5 and% < 3, so the system is unsatisfiable.



Theorem 1 The constraindisjoint( S ¢) , locally consistent in a finite set con-
straint system, is satisfiabiff SAT-1 holds.

Proof = Clearly if the constraint is satisfiable then we can buittisjoint sets of size.
ThusvU C Swe havg A= Uy, Iub(X)| > [Uxey s01(X)], and alsd Uy so1(X)| =
|U| « c since the setsol(X) are all disjoint of sizec. By transitivity we haveA| >
|U| xc, thusSAT-1 holds.
< Now let us assume th&AT-1 holds. We will show that it is always possi-

ble to construct a solution satisfying the constraint. We do so by reducing the initial
constraint to an equivalent disjoint constraint o@icomposed of new set variables
of cardinality 1 with empty g.l.b.s and showing that Hall's theorem can be applied to
these l.u.b.s, to give a solution.

We generate for each skt€ S c set variables;; € [0,1;;] of cardinality 1, such
that there is one new set for each elemerglio(X;) and the remaining new sets have
the same l.u.b. as,. We have:

_ [ {x}, i element ofglb(X;)
U lub(X) otherwise
We will now show that/u’ C S (|A'| > |U’|) whereA’ = U, .,/ lub(Y;), and hence
ij

by Hall's theorem that a solution exists. To count the elements fior an arbitrary
subset of variableld’, we partitionU’ into two disjoint set&)” andR’, and count the
elements in each set separately.

We defineU” as the set of alj; € U’ created fronglb(X;) for which there is no
otherY;;, € U’ created fromub(X;).

FromSAT-0, the absence of any corresponding upperbound sets and the fact that
the sets are all singletons we get the following equallfj. = [U”|+ Uy g lub(Y;)]

ij

Combine this with the following equality based on the definitiorJdfand R".
U7 = 107 = IR"| o get|A'| = [U'| + (| Uy, e lub(Y)| — R

Now if we can show U, g, Iub(Y;;)| > |R"| then we can conclude thg'| > [U’].

ij

DefineR = {X |Y;; € R"} to be the projection of the variabl& back to the origi-
nal problem variables. By definition &', we have that), g, lub(Y;;) = Uxiew lub(X;).
ij

HenceSAT-1 gives us thatU, g IUDb(Y;;)[ > c+[R/|. Finally, the construction o8
ij

(and consequentl®’) ensures thatx |R| > |R’|. By transitivity of > we have shown
[ Uy, cro lub(Y;) | > [R'] n

4 BCrules

We now define two global inference rules allowing for the necessary pruning to infer
BC for thedisjoint (S c) constraint.

Let us recall the definition of BC for our constraint domain[20]. In general terms, a
n-ary FD constraint is BC, if and only if any assignment from a variable’'s domain can
be extended to a solution [13]. For finite set constraint systems this corresponds to the
following definition:



Definition 3 An n-ary set constraint is BEf :

1. any element in the l.u.b. of a set variable appears in that set in at least one
solution,

2. any element which appears in the same set in all solutions must be part of the
g.l.b. of that set.

41 IR-2

IR-2 allows us to prune elements from the l.u.b. The inference rule says that when a
family of sets,U subset ofS forms a partition of a base sAf all the elements in the
base seA become unavailable to all setsoutsideU (since they_mst be covered by

one set ifJ). We define the partition condition for aty C Sas follows:

partition(U,A,c) < A= [ J lub(U),|A| = |U|xc
XeU

and statdR-2 to be
VU C S partitionU,A c) = VY € S\U, XNA=0
Consider the system of constraints:

[X,Y] in [{},{1,2,3,4}],
Z in [{}{3.4,5,6}], disjoint({X,Y,Z},2).

Applying IR-2 for the different families of sets we see thht= {X,Y} forms a parti-
tion of the base set = {1,2, 3,4} (since|A| = |U|2). Thus all the elements must be
covered byX andY, implying that they should be removed frafn This leads to the
final system of constraints:

[X,Y] in [({1.23.4)], Z = {56},
disjoint({X,Y,z},2).

42 IR-3

IR-3 also makes use of the partition condition together with an additional condition
to add elements to g.l.b., that is elements that should be part of all solutions.

The basic idea is that if a subdétof Sforms a partition of a base sAt and there
are elements of A that occur in only one l.u.b. then such elements should be added to
the corresponding g.l.b., since they must belong to the partition and can not belong to
any other set. This is independent of whether such elements belong to l.u.b. outside the
partition or not.

VU C S, partition(U,Ac),

Jee A JIXeUleelub(X) =eeX
Consider a slight change to the previous example:

X in [{1,2,34), Y in [{(.{1,2,3}],
Z in [({3.4,5,6,7}], disjoint({X.Y,Z},2).



The setJ = {X,Y} still forms a partition of the base sat= {1,2,3,4} (since|A| =
|U| % 2), but 4 occurs only inub(X). Thus applyinglR-3 leads to adding 4 to X:
X € [{4},{1,2,3,4}]. The system of constraints at fixed point is:

X in [{4}{1,2,34)], Y in [{.{1,2,3}],
Z in [,{5,6,7}], disjoint(X,Y,Z},2).

5 Prelude to BC

In the following section we prove th#R-2 andIR-3 are necessary and sufficient to
ensure BC for the global constraitisjoint( Sc) . Inorder to prove BC we make
use of aswap graphstructure. Despite being defined in terms of the constraint and a
singlesolution,all solutions are contained within and can be generated from it.

Definition 4 Given a constraint C= disjoint( Sc) and a solutionsol to C. We
define A= Uy glub(X), B=A\Uy.s0Ib(X) and D= A\ Uy .gsol(X). Leta be a
new set variable ir0,B]. We extendol for o with sol(a) = D. Theswap graph
SGC, so0l) is the directed labeled graph

e whose node set isl${a }
e with edges XY where e= so1(X)NIlub(Y) and e# 0
It follows that, for a given swap grapgBGC, sol) we have:

glb(X) = elements which appear on the self-edge only (not on any other outgoing
edge)

lub(X) = union of all labels in incoming edges (which terminateXat

sol(X) = label on the self-edge.

Definition 5 An edge XY is validiff there is a solution with at least one element of
e appearing inso1(Y).

Theorem 2 If an edge X Y is in a cycle, there exists a solution with at least one
element from e appearing ¥p1(Y) (equiv. the edge igalid).

Proof Follows directly from the fact that a cycle can be seen as a permutation acting
on the current solution to produce a new solution. An edge in a cycle allows for the
rearrangement of the elements frofito Y where none are lost, added or changed (i.e.
permutation). |

Theorem 3 An edge is validff there is a cycle involving the edge.

Proof = Suppose the edge is valid (i.e. there is a solutiel' such that an element

e, € eappears irsol’(Y)). sol’ can be described as a permutatiosof (since every
solution can be described as a permutation of every other solution). Furthermore since
any permutation can be expressed as a number of simple cycle permutations (see [5])



Figure 1: Theswap graphof the previous example constraint for the solutien (X) =
{1,4}, so1(Y) ={2,3}, sol(Z) = {5,6}.

of the form mentioned above, the permutation mapgingy to sol’ must contain a
cycle with an edge fronX to Y labeled withe, .
< Theorem?2 |

Theorem 4 A collection of nodes L S is unreachable from the rest of the graifh

U forms a partition of the base set-A{Jy, lub(X).

Proof Split the nodesinto two setd) andU’ whereU is unreachable frord’. There
can be no edges originating W' and terminating irJ, hence all edges which ter-
minate inU must also originate iJ. This tells us that, the union of all upper-
bounds A = Uy lub(X)) is equal to the union of the solution values appearing in
the sets A = Uy so1(X)). By definition |y, so1(X)| = |U|xc, and so we have
partition( U,A,c) . Similarly any solution to a problem containing a partition
must assign all upperbound elements of the partitioio the sets itJ and hence the
graph would have no incoming arcs from other nodes. |

Corollary 1 The collection of all nodes which are unreachable franmepresents a
partition. This follows as a special case of theorem 4.

Theorem 5 Within a minimal partition (one containing no sub-partitions) there is al-
ways a path from any node to any other node.

Proof Consider a minimal partitio® of the nodess. Now splitP into two non-empty,
mutually disconnected subséisandU’. By theorem 4 botl) andU’ must be parti-
tions, but sincéd® is a minimal partition this cannot happen. Thus we can conclude that
there can be no mutually disconnected subsel efjuivalently there is always a path
between any two nodes. |

10



Corollary 2 Minimal partitions are strongly connected components (SCCs) which are
unreachable fronw. This follows directly from corollary 1 and theorem 5.

6 Keytheorem and proof of BC

Theorem 6 A satisfiablalisjoint( Sc) constraintis B4ff IR-2 andIR-3 hold.

The proof is in two parts following our definition of BC for finite set constraint
systems.

The first condition of BC says that for all sets, “any element in the l.u.b. of a set
variable appears in that set in at least one solution”. This is equivalent to saying that
all edges inrSG(C, sol) are valid. We now prove that the elements excludedR
correspond exactly to the invalid edges in the swap graph.

Proof part 1

1. IR-2 seeks all partitions) and removes elements, covereddbyfrom |.u.b’s of
sets outsidé&). This corresponds to all the elements on edges leaving a patrtition,
XY, XeU,Y ¢U.

2. By theorem 4, for all sets of nodésin SGsuch that) forms a partition, there
can be no edges enterikly Thus leaving edges frotd can not be part of any
cycle and are thus invalid (theorem 3).

3. Edges within a partition are necessarily within a minimal partition and by corol-
lary 2 within an SCC, thus in a cycle. By corollary 3 those edges are valid.
ConsequentlyR-2 removesexactlyall the invalid edges.

The second condition of BC says that for all sets, “any element which appears in

the same set in all solutions must be part of the g.l.b. of that set”.

part 2 We prove that the preconditions iR-3 (X belongs to a partition and
occurs uniquely inub(X) within the partition) holdff the elemene appears in the set
X in all solutions (and hence must be added to the g.l.b.).

We do this by splitting the graph into the sub-grapttontaining nodes reachable
from a and the sub-graph of nodes which are unreachable.

If X € U, theorem 4 tells us thaf is not in a partition (sinc& contains no parti-
tions) and theorem 2 tells us that there is a solution whel@es not appear in any set
inU.

If X ¢ U then by theorem 4X is in a partition and hence must appear in one
of the sets in the partition. Now consider tleadccurs uniquely inub(X) within the
partition, clearlye must appear iX in all solutions, henciR-3 is necessary. To show
that it is complete, consider the case where there is anoth#ftisethe partition s.t.
ec lub(Y). By theorem 5 there is a cycle involving the edge, hence by theorem 2 there
is another solution which assigeso Y, hencdR-3 is sufficient. |

11



7 Algorithm

The algorithm works by first creating and then maintainingwaap graphstructure.
In order to create a swap graph we require an initial solution. To ensure satisfiability
(which is equivalent to applyin§AT-1) we explicitly maintain and update a solution.

To find an initial solution, the problem is decomposed, as per the proof of satis-
fiability into a search for an SDR cast as a bipartite matching problem. The bipar-
tite graph will havenx c variable nodesQ(v) value nodes an®(nx cx*v) edges.

We use the maximal matching algorithm of Hopcroft and Karp [10] which runs in
O(|edges,/|variable nodeg = O(ncw/nc) time.

Once we have a solution we build a swap graph from the bipartite graph (containing
the matching) in timed(n?c) by the algorithm below. The swap graph is stored as an
adjacency matrix.

funct MakeSwapGrapfbipartitegraph matching
fori=1tondo
for| =1tocdo
val +—— value assigned to variabie-|
for j=1tondo
if variablej is reachable fronval
then addval to the edge fronto j

To achieve BC we compute all SCCs which do not contifequiv. minimal par-
titions) using Tarjan's[19] algorithm which runs @(|edge$+ [nodes) = O(n? + n)

time and a breadth first search framwhich runs inO(n?) time. Any edges leaving an
SCC are removed (in constant time each) and the l.u.b. of the corresponding variable
pruned, as pelR-2 . Any singleton elements in an SCC are added to the associated
g.l.b. as pefR-3 again inO(n?c). This procedure we caBCCPruning

begin
bi —— MakeBipartiteGraplSets
matching— MaximalMatchingbi, Sets
sg«— MakeSwapGraptbi, matching
SCCPruningsg)

end

The overall time complexity of this algorithm is th&(ncv+ ncw/nc+ n?c + nc).
With the simplifying assumption that the number of elements is always larger than
the number of sets (iev > n and henceéd(n?c) = O(ncv)), we have a complexity of

O(ncw/nc).

7.1 Incremental updates

Having achieved a state of BC, we can do better than repeat the above algorithm should
the domains of our variables change. We can incrementally update our swap graph
structure inO(n?v) time for single element domain changes (thus ensuring satisfiabil-
ity) and re-run th&sCCPruningorocedure to re-establish BC. The updates are achieved

12



by finding cycles like those used in the proof of BC, and modifying the graph according
to the permutation of the solution which the cycle represents.

8 Models and complexity comparison

Though the discussion focuses on all sets having the same fixed cardmatity
algorithm works unaltered when each set has different (but still fixed) cardinality.

As mentioned earlier in the paper, it is possible to modeldisgint( Sc)
constraint using FD variables constrained to be different. Assuming suatdéh
constraint is solved using the global filtering algorithm [15] and any intra-set ordering
constraints are solved using standard arc or bound consistency.

1) Both algorithms detect failure in the initial problem with the same time com-
plexity since they use the same bipartite graph modelling.

2) While the two algorithms are similar in time complexity, it is impossible with
the FD model to guarantee BC, as we illustrated in the introduction, since addition of
an element to the g.l.b. of a set variable as part of pruning, can only be approximated
in the FD model.

However, we can model the problem in another way, by having a FD variable cor-
responding to every element of the base set where the value assigned to the variable
indicates the set in which this variable occurs. Using such a model, we can constrain
the number of times a given value (set identifier) appears in the list of variables (set
elements) to be the cardinality of the set. The Global Cardinality Constraint (GCC) of
[16] can be used to enforce GAC on the FD model which corresponds to BC on the
set model. Consider a disjointness constraint on the family of{&&ts.S,} of fixed
cardinalityc. LetA={J;§ and|A| =m. A dual finite domain representation is such
that:

1. We havem FD variables¥j e AX. e D={1,..,n}.
2. For each € D the number of timescan be assigned to differeXf isc=[§|.

3. The solution equivalence between the two models is:
X, =iiff je§

The network flow model which forms the basis of the GCC constraint works be-
cause there is an injective mapping between the elements and sets édidithe
constraint has an injective mapping between variables and values). In the more general
case of — (v,k, 1) packing problems there are no injective mappings, instead there are
surjective mappings. In our work, were unable to construct network flow models for
these surjective problems and so derived our combinatorial counting arguments. We
believe that recent results in combinatorial theory, in particular the generalisation of
Hall's theorem to arbitrary hypergraphs[1] may lead to proof schemes for these more
general cases which can in turn be converted to effiecient algorithms.
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10 Conclusion and future work

This paper showed that it is possible to efficiently enforce global consistency on n-
ary set constraints. While Hall's theorem forms the theoretical basis for important
global FD constraints, we showed that it can be extended to n-ary set constraints using
packing numbers. We described a global filtering approach to detect satisfiability and
ensure BC for thalisjoint( [Xis---s %], [Cyq,..-,Cn]) constraint. From our global
satisfiability condition, inference rules and proof, we gave an efficient polynomial time
algorithm to achieve and incrementally maintain BC, which is not be possible using
the most obvious FD formulation, though is possible for the dual model using the GCC
constraint.

We implemented the constraint in the E@S® system, building on thig_sets
library [18]. Preliminary experimental results indicate that the algorithm performs well
compared to local propagation and demonstrates the expected benefits of maintaining a
level of consistency which is independent of the search strategy. Future work comprises
further experimental studies including a combination of global constraints with sym-
metry breaking for problems modelled with sets. We are also interested in identifying
which level of consistency can be achieved when dealing with bounded cardinalities
and a generalization of the inference rules to &y, c,A) packing problem.
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