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Zusammenfassung

Muqarnas, oder Stalaktitengewölbe, sind dreidimensionale Ornamente, die in der isla-
mischen Architektur verbreitung finden. Sie werden in Gewölben, Kuppeln, Nischen, auf
Bogenkonstruktionen, oder als fast flache dekorative Friesen genutzt. Ein Muqarnas hat
die Aufgabe, einen fließenden Übergang von einer geraden Wand zu einem gekrümmten
Teil zu gewährleisten. Ein Muqarnasgewölbe wird von verschiedenen nischeartigen Ele-
menten, die in horizontalen Stockwerken angeordnet sind, aufgebaut. Ein Hauptmerk-
mal der Muqarnas ist, dass die Form eine dreidimensionale Einheit darstellt, welche in
einem zweidimensionalen Grundriss repräsentiert werden kann. Wir konzentrieren uns
auf die Frage, ob die zweidimensionale Projektion alle Strukturinformationen des dreidi-
mensionalen Gewölbes enthält.

Um einen Rahmen zu schaffen, in dem wir die Muqarnasstruktur beschreiben kön-
nen, führen wir explizite Definitionen ein. Jedes Muqarnaselement wird parametrisiert,
um Typ, Abmessungen und Position in dem Gewölbe beschreiben zu können. Ein gra-
phentheoretischer Ansatz ermöglicht es, die Strukturinformationen des dreidimensiona-
len Muqarnas in einem zweidimensionalen Grundriss zu integrieren. Dies wird durch die
Konstruktion gerichteter Teilgraphen aus dem Muqarnasentwurf realisiert. Die Haupt-
aufgabe ist es, alle gerichteten Teilgraphen eines Muqarnasentwurfs zu finden, für die
eine dreidimensionale Muqarnasrepräsentation möglich ist. Die dreidimensionalen Com-
puterrekonstruktionen können dann direkt von den gerichteten Teilgraphen ausgehend
aufgebaut werden. Wir haben einen Algorithmus eintwickelt zur Konstruktion der ge-
richteten Graphen und zur dreidimmensionalen Rekonstruktion des Muqarnasgewölbes.

Der Algorithmus wurde in zwei Computerprogrammen implementiert. Das Programm
plantograph findet alle gerichteten Teilgraphen, die mit einer Muqarnasstruktur eines
gegebenen Muqarnasgrundrisses, korrespondieren. Das Programm graphtomuq über-
setzt einen Teilgraph in eine dreidimensionale Computerrekonstruktion. Die verschiede-
nen Teilgraphen ergeben verschiedene Muqarnasrekonstruktionen mit gleicher Projek-
tion. Eine Interaktion mit dem Anwender ist nötig um die gewünschte Rekonstruktion
auszuwählen, wofür Fachwissen in Kunstgeschichte erforderlich ist.

Die Unterschiede zwischen Muqarnasgewölben mit gleicher Projektion können lokal

oder global sein. Lokal bedeutet, dass die Muqarnas durch Austauschen einzelner Ele-
mente ineinander überführt werden können. Muqarnas sind global unterschiedlich, wenn
mehrere Elemente miteinbezogen sind und dadurch die geometrische Form und die An-
zahl der Stockwerke variiert. Die Rekonstruktionsmöglichkeiten können eingeschränkt
werden, wenn die Abmessungen des Gewölbes, in das ein Muqarnas eingebaut werden
soll, bekannt sind. Die Anzahl der Stockwerke ist dadurch beschränkt.

Wir konzentrieren uns auf Muqarnasgewölbe, die in Kuppeln oder Nischen eingebaut
sind und der seldschukischen oder ilkhanidischen Zeitperiode entstammen. Der Algorith-
mus wurde an verschiedenen Muqarnasgrundrissen aus Anatolien und dem Iran getestet.
Zudem wird eine neue mögliche Intepretation für den ältesten bekannten Muqarnasent-
wurf, eine in Takht–i–Sulaymān gefundene Platte, präsentiert.
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Abstract

Muqarnas, or stalactite vaults, are three–dimensional ornaments, common in the Islamic
architecture. They are used in vaults, domes, niches, arches, and as an almost flat deco-
rative frieze. It is the function of a muqarnas to guarantee a smooth transition between
straight walls and more curved parts. A muqarnas vault is built from different niche–like
elements, arranged in horizontal tiers. One of the main characteristics of muqarnas is its
form as a three–dimensional unit that can be represented as a two–dimensional outline.
In this study, we focus on the question whether this two–dimensional projection contains
all structure information of the three–dimensional muqarnas vault.

Explicit definitions are given to create a framework in which we are able to describe
the muqarnas structure. Each muqarnas element is described by means of parameters
representing its type and measurements together with parameters that describe the po-
sition of the element in the muqarnas vault. A graph theoretical approach makes it
possible to include the structure information of the three–dimensional muqarnas in the
two–dimensional outline. This is done by constructing a directed subgraph from the
muqarnas design. The main task is then to find all directed subgraphs corresponding
to a muqarnas design for which a three–dimensional muqarnas representation is pos-
sible. We can construct three–dimensional computer reconstructions directly from the
directed subgraphs. An algorithm is developed for constructing the directed subgraphs
and reconstructing the three–dimensional muqarnas.

Two software tools are designed to execute this process. The program plantograph
finds the directed subgraphs corresponding to a muqarnas structure from a muqarnas de-
sign. The program graphtomuq converts a subgraph into a three–dimensional computer
reconstruction of the muqarnas. The various subgraphs result in different muqarnas re-
constructions with the same plane projection. Some interaction is necessary to select the
required reconstruction, for this art historical expertise is essential.

The differences between muqarnas with the same plane projection can be local or
global. Local means that by exchanging several elements the muqarnas are equal. Muqar-
nas are globally different if more elements are involved and the shape, or number of tiers,
of the muqarnas differ. We can restrict the number of reconstructions if we know the pro-
portions of the vault into which the muqarnas needs to fit. This gives a restriction on the
amount of tiers that can be used.

This work focuses on the muqarnas vaults fitting into domes or niches from the Seljuk
and Il-Khanid periods. Different tests of such muqarnas from Anatolia and Iran are given.
Additionally a new interpretation for the oldest known design which is found at Takht–
i–Sulaymān is presented.
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Chapter 1

Introduction

In this work we study muqarnas, a special three–dimensional ornamentation, common in
the Islamic architecture. The aim is to analyze the two–dimensional designs of muqarnas
and to create three–dimensional computer reconstructions of the muqarnas directly from
their designs. Before going into details, we will use this introductory chapter to explain
what muqarnas are. We focus on muqarnas from the Seljuk and Il-Khanid style. In Sec-
tion 1.1 a short overview of the history of the Seljuk and Il-Khanid time periods is given.
After that, muqarnas and their designs are explained. In Section 1.2 the motivation of
this work and problem formulation is presented. Furthermore, a very short summary of
previous research works concerning muqarnas is included. We finish this chapter with
an outline of the research contained in this work.

1.1 Muqarnas in the Islamic Architecture

In this work we study muqarnas built in Seljuk and Il-Khanid times, the periods in which
they got important in Islamic architecture. We therefore start in Section 1.1.1 with a
historical overview of these times. After that, we will use in Section 1.1.2 the definitions
from al-Kāsh̄ı, a mathematician from Timurid time, to explain what muqarnas are. Fi-
nally, we discuss in Section 1.1.3 the aspects of muqarnas designs, illustrated by a famous
design found at the Takht–i–Sulaymān.

1.1.1 Overview about Seljuk and Il-Khanid Architecture

The word Seljuk is used to denote a mighty group of nomadic Turks, who invaded a
large part of Asia (see e.g. [Aslanapa, 1971]). Seljuk was the name of one of their first
supervisors. Under his supervision a tribe of the Oghuz Turks converted to Islam around
960. They ruled parts of central Asia and Middle East from the 11th to 14th century. The
Great Seljuk Empire reached its peak during the reigns, in the time between 1038 and
1093, of the three sultans Tughrul Bek, grandson of Seljuk, Alp Arslan and Malikshāh.
Under Malikshāh and his two Persian viziers Nizām al-Mulk and Tāj al-Mulk, the Seljuk
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2 Chapter 1 Introduction

state expanded in various directions to Persian border, so that it bordered China in the
East and the Byzantine in the West. After the death of Malikshāh the empire split into
smaller parts. Ahmed Sanjar one of the sons of Malikshāh was the ruler of most of Persia.
This part, the so called Seljuk Dynasty, collapsed after his death in 1157. In Anatolia, for
example, the Seljuks ruled longer. They are called the Seljuks of Rüm and reigned until
the Mongol invasion in 1307.

From 1220 on, there were different successful attacks on Central Asia by the Mon-
gols under supervision of Genghis Khan (see e.g. [Wilber, 1955]). In 1256 his grandson
Hūlagu Khan invaded Baghdad and founded the Il-Khanid state. During the leadership of
Hūlagu’s great–grandson Ghāzān Khan the Il-Khanids converted to Islam and the culture
flourished. After the death of the last Khan, Abu Sa’id, in 1335 the Il-Khanids lost their
power and the state broke up into different dominions, which developed separately.

By the diffusion of the Islamic religion during the Seljuk and Il-Khanid periods a lot
of religious buildings, like mosques and medreses, arose. The mosques are the places
where Muslims come together for their Friday prayer. They became the social centers of
the city. The first mosques from the seventh century were open–air spaces. During Seljuk
and Il-Khanid time they mainly consist of a quadratic room covered by a dome.

Medreses are educational establishments, nowadays also known as Koran Schools.
The vizier Nizām al-Mulk developed a political system where jurisprudence became very
important. Besides of theology, in the medreses, law, political science, languages, litera-
ture and science was taught. The medreses transformed into an extensive state organi-
zation of institutions.

An example of non–religious buildings, which raised during Seljuk and Il-Khanid
times, were the caravanserais (see e.g. [Erdmann, 1961]). A caravanseray is a roadside
inn which was important as a place for the merchants and the animals to rest and recover
from their journey. Often the caravanserais contained shops where the merchants could
dispose some of their goods. Caravanserais supported the flow of commerce, information
and people across a network of trade routes of Asia, North Africa and South-Eastern Eu-
rope. Most typically it was a building with a square or rectangular walled exterior, with
a single portal wide enough to permit large or heavily laden animals to enter. The court-
yard is almost always open to the sky, and along the inside walls of the enclosure we find
several identical stalls, niches or chambers to accommodate merchants, their servants,
animals and merchandise.

1.1.2 What is a Muqarnas?

Muqarnas is the Arabic word for stalactite vault, an architectural ornament consisting of
niche-like elements, arranged in tiers. It can be used in domes, niches, or on arches as
an almost decorative frieze. In Figure 1.1 different examples of muqarnas are shown. A
dome is a half sphere, or an oval, usually placed on a rectangular building. A muqarnas
can be fit into the dome to provide a smooth transition between the rectangular part and
the vaulted part (see e.g. [al Asad, 1994, p.65] or [Bianca, 2000, p.45]). Figure 1.1(d)
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(a)

(b)

(c) (d)

Figure 1.1. (a): Minaret of the Selimiya Camii in Konya (Turkey) decorated with muqarnas.
(b): Cornice at the Sultan Han near Kayseri (Turkey) ornamented with muqarnas. (c): Muqarnas
vault above a niche in the Friday Mosque in Natanz (Iran). (d): Muqarnas in a dome in the
Mevlana Teke in Konya (Turkey).

shows an example of a muqarnas fit into a dome in the Mevlana Teke in Konya. Other
famous examples of muqarnas in domes can be found in the Alhambra in Granada (see
e.g. [Grabar, 1992] or [Jones and Goury, 2001]). In a niche a muqarnas is also used to
hide the transition between the straight and curved parts of the niche. Niches are often
found at entrance portals of Islamic buildings, for example at mosques. In Figure 1.1(c)
we find an example of a muqarnas in a niche, it shows the basement vault of the north
iwan from the Friday Mosque in Natanz. Examples of muqarnas as a decorative frieze
can be found at balconies of minarets (see Figure 1.1(a)), towers which are attached to
a mosque, often used for the call to prayer. Cornices, the uppermost section of moldings
along the top of a wall or just below a roof, are also often decorated with muqarnas (see
Figure 1.1(b)).

The fifteenth century mathematician Ghiyāth al-D̄ın Mas’ūd al-Kāsh̄ı (died in 1429)
defines the muqarnas in his ‘Key of Arithmetic’ (see [Dold-Samplonius, 1992, p. 226])
from a practical point of view:

The muqarnas is a roofed (musaqqaf) [vault] like a staircase (madraj) with
facets (d. il‘) and a flat roof (sat.h). Every facet intersects the adjacent one at
either a right angle, or half a right angle, or their sum, or another combination
of these two. The two facets can be thought of as standing on a plane parallel
to the horizon. Above them is built either a flat surface not parallel to the
horizon, or two surfaces, either flat or curved, that constitute their roof. Both
facets together with their roof are called one cell (bayt). Adjacent cells, which
have their bases on one and the same surface parallel to the horizon, are
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called one tier (t.abaqa). The measure of the base of the largest facet is called
the module (miqyās) of the muqarnas.

In addition there are intermediate elements which connect the roofs of adjacent cells or
other intermediate elements. A more comprehensive explanation about the muqarnas
elements will be given in Chapter 2. Al-Kāsh̄ı describes the plane projection of an ele-
ment (either cell or intermediate element) as a basic geometrical form, namely, a square,
half-square (cut along the diagonal), rhombus, half-rhombus (isosceles triangle having
as base the shorter diagonal of the rhombus), almond (deltoid), jug (quarter octagon),
large biped (complement to a jug), and small biped (complement to an almond). These
elements are constructed according to the same unit of measure and fit together in a wide
variety of combinations. Al-Kāsh̄ı uses in his computation the module of the muqarnas,
defined as the base of the largest facet (the side of the square) as a basis for all propor-
tions. Different materials can be used to construct muqarnas. For example, plaster, brick
or wood are common materials. In Seljuk architecture brick is often used, in Il-Khanid
architecture plaster is more common. Dependent of the material used for the muqarnas
elements, there can be a wider variety in the elements. If the muqarnas is not constructed
from prefabricated elements, we only need to care that two joining elements need to fit
together. In other parts of the muqarnas the elements may have other measurements.

When a muqarnas structure has to be inserted into an existing vault, the height of
the facets of the elements need to be adapted. The height of the facets often decreases
in the upper tiers as the curvature of the vault diminishes. The part above the last tier,
can then be finished in several ways. In some vaults the original brick work is left visible,
in others the ceiling is plastered and ornamented by painting, or the upper part is filled
with barley–kernels (see Section 2.1.1).

Figure 1.2. Muqarnas elements as found at the Takht–i–Sulaymān. On the left: cells.
On the right: combinations of intermediate elements.

Examples of muqarnas fitting well in the definitions of al-Kāsh̄ı are the muqarnas re-
mains found at the Takht–i–Sulaymān. The Takht–i–Sulaymān is an Il-Khanid seasonal
palace in the Azerbaijan region of Iran, two hundred miles south of Tabriz and south-
east of Lake Urmia. This palace is built over a Sasanian fire temple that seems to have
been in use from the late fifth to the early seventh century, and continued to serve as a
Zoroastrian sanctuary for two more centuries after Persia had been conquered by Islam.



1.1 Muqarnas in the Islamic Architecture 5

Buried under the ruins of the palace several muqarnas remains were found con-
structed from probably prefabricated muqarnas elements (see Figure 1.2). These could
have been used to construct several different vaults within the palace, but where such
vaults might have been located can no longer be determined. Concerning the excavated
muqarnas elements, described in detail by Harb (see [Harb, 1978]), we note that they
have been found in three different sizes, namely, with units of measurement 21, 26, and
42 cm. Only one element of 42 cm (twice 21) has been found, and its height is undeter-
mined, as it is an intermediate element without facet. The height of the cells with a unit
of measurement of 21 is 42, and the height of the cells with a unit of measurement of
26 is 52. Hence, the height of the cells is twice their unit of measurement. The elements
with a unit of measurement of 21 might originate from a muqarnas in the south octagon.

1.1.3 Muqarnas Designs

A muqarnas is usually designed by drawing the plane projection of the muqarnas ele-
ments. The first known example of a muqarnas design is a stucco plate found at Takht–
i–Sulaymān with a muqarnas design incised in it (see [Harb, 1978]). Another famous
example of a collection of designs is the Topkapı Scroll (see [Necipoǧlu, 1995]). Until
Necipoğlu’s discovery of the Topkapı Scroll, the earliest known examples of such architec-
tural drawings were a collection of fragmentary post-Timurid design scrolls on sixteenth–
century Samarkand paper, retained at the Uzbek Academy of Sciences in Tashkent (see
[Notkin, 1995]). These scrolls almost certainly reflect the ambitious Timurid drafting
methods of the fifteenth century. The Timurid and post-Timurid scrolls show a deci-
sive switch to more complex muqarnas with an increasing variety of polygons and star
polygons.

Figure 1.3. On the left: picture of the plate found at Takht–i–Sulaymān with a muqar-
nas design incised in it. On the right: the lines of the plate as recognized by Harb
(after [Harb, 1978]).

The first study of the plate found at the Takht–i–Sulaymān is done by Harb, one of
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the members of the excavation team who found this plate (see [Harb, 1978]). More
recent studies and also suggestions to decode the plate can be found in [Yaghan, 2000]
and [Dold-Samplonius and Harmsen, 2005]. The design on the plate (see Figure 1.3 on
the left) is a about 3.5 to 4 cm thick rectangular plate with height 47 cm and width 50
cm. It contains a geometric grid in a quadratic field of 42 cm length. A small part of
the bottom left corner is broken off and did not survive. The remaining plate is broken
into seven parts, which fit together except near the middle of the plate, where there is a
small hole. Under the clearly drawn grid are poorly erased lines visible. At some points
these may have been auxiliary lines, but at others seem to have no direct connection
with the actual design. The artisan seems to have reworked his design, and it is not clear
whether the present design was ever used, or whether it was altogether abandoned. In
the right picture of Figure 1.3 the lines of the plate as recognized by Harb are shown.
As there were more muqarnas in the palace at the Takht–i–Sulaymān and because we
do not know whether the design was ever used, the prefabricated elements found at the
Takht–i–Sulaymān do not necessarily correspond to the plate. Nowadays the plate is kept
in the Islamic Department of the Iran Bastan Museum in Tehran.

The design consists mainly of squares and rhombi, with isosceles right triangles along
the frame of the field. The sides of the squares and rhombi, as well as the legs of the
triangles, are all 3.5 cm in length. Their areas have been symmetrically arranged around
a diagonal axis. The construction is completed in the upper right corner by an irregular
quarter octagon. The angles of the various figures shapes are all multiples of 45◦, with the
exception of some semi-regular quadrangles and isosceles triangles along the diagonal.

The Topkapı Scroll, is a late fifteenth- or early sixteenth-century scroll containing
patterns for ornamentations and patterns to be used as designs for muqarnas. This scroll
is preserved at the Topkapı Museum in Istanbul and published by Gülru Necipoğlu (see
[Necipoǧlu, 1995]). It includes several rough designs of which the artist has shown a
small part worked out in detail, probably to avoid confusion. It ranks among the oldest
extant designs for muqarnas.

1.2 Purpose and Contribution of our Research

Our research differs from previous works about muqarnas. We do not only concern about
a better understanding of the muqarnas, but also give an algorithmic way to build them
directly from their design. We give in Section 1.2.1 the motivation of this study and
the problem formulation. Then we summarize in Section 1.2.2 the contents of previous
research works concerning muqarnas. The final part, Section 1.2.3, contains an outline
of this work.
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1.2.1 Motivation

This research focuses on the connection between a three–dimensional muqarnas struc-
ture and its two–dimensional plane projection. In the plane projection the muqarnas
elements do not overlap, which makes it possible to design a muqarnas by drawing its
plane projection. Nevertheless, such two–dimensional designs do not include explicitly
all the three–dimensional information. A muqarnas consists of different niche–like ele-
ments, arranged in tiers. In the drawing we can distinguish the different elements, but
we do not have information to which tiers the elements belong. It is also not directly
clear which side of a certain polygon in the projection corresponds to the front part of
the element and thus the orientation of the elements cannot be recognized. We have
furthermore to take into account that there exist different elements with the same plane
projection.

Figure 1.4. On the left: plane projection of the muqarnas vault in the basement of the
north iwan of the Friday Mosque in Natanz. On the right: computer reconstruction
of the muqarnas vault.

In this thesis we want to analyze the plane projection of muqarnas and study which
part of the “lost” information can be calculated from the plane projection. The aim of
this work is to answer the following questions:

• Is there a direct algorithm for constructing a three–dimensional muqarnas

from its plane projection?

• Are these muqarnas uniquely reconstructible?

We restrict ourselves to muqarnas used in domes and niches, which are built dur-
ing Seljuk or Il-Khanid times. This delivers an insight in the development of the oldest
muqarnas forms. The purpose of our reconstruction algorithm is to analyze the structure

of the muqarnas. It answers the question to what kind of element a polygon in the design
corresponds and it determines its position (location and orientation). However, it does
not tell us what style (colors, material) of elements need to be used.

The only known design of an Il-Khanid muqarnas is the plate found at Takht–i–
Sulaymān. We do not have a real muqarnas corresponding to this plate, nor do we have
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measures of the dome the muqarnas could fit in. Therefore, we can not verify our re-
constructions. For Seljuk muqarnas we do not even have an example of a design. In this
study we therefore work with plane projections of existing muqarnas, instead of working
with original designs.

Our goal is to write a computer program which is able to propose a three–dimensional
computer reconstruction for a given plane projection of a muqarnas. If we are able to
write such a program, we can confirm our first question. The final software product
should show all possible reconstructions corresponding to a certain plane projection so
that we can answer the second research question. This software then can be useful during
restoration and for designing new muqarnas. It gives the possibility to test different
alternatives for a muqarnas reconstruction with a given plane projection.

1.2.2 Literature Overview

Our work is mainly inspired by a chapter of the manuscript “Key of Arithmetic”, writ-
ten by the Timurid astronomer and mathematician al-Kāsh̄ı (see [al Kāsh̄ı, 1558]) and a
research about Il-Khanid muqarnas of Harb (see [Harb, 1978]).

Al-Kāsh̄ı ranks among the greatest mathematicians and astronomers in the Islamic
world. Two years before he died in 1429, he had finished the “Key of Arithmetic (Miftāh.
al-H. isāb)”, one of his major works, which he intended for everyday use. By far the most
extensive part of the work is Book IV, “On Measurements”. The last section of Chapter 9,
“Measuring Structures and Buildings”, is about muqarnas. The aim of al-Kāsh̄ı is to mea-
sure the muqarnas. He does not give us information about the construction of muqarnas
and his work does not contain information about how we need to interpret muqarnas
designs. For measuring the muqarnas, al-Kāsh̄ı gives an overview of the different muqar-
nas elements. He describes the surfaces of the elements by means of angles and circle
arches. This makes it possible to give a quite exact calculation of the surface area. In this
thesis we work with the translation, “Measuring the Muqarnas by al-Kāsh̄ı” of Yvonne
Dold-Samplonius (see [Dold-Samplonius, 1992]).

Ulrich Harb was one of the members of the German excavation team who discovered
the plate found at the Takht–i–Sulaymān. The aim of his work is to understand this
muqarnas design. In his research, he gives an exact description of the muqarnas elements
and he studies several still existing Il-Khanid muqarnas vaults. He concludes with an
interpretation of the design on the plate. A quarter of his interpretation is presented as a
pen drawing.

More recent research about muqarnas is done by Mohammad A. J. Yaghan. In his
thesis, Yaghan gives a review of the terms used in the literature to describe muqarnas (see
[Yaghan, 2001a]). The origin of muqarnas is also discussed and a computer algorithm to
generate muqarnas is introduced. This muqarnas generation system is restricted to create
one type of muqarnas only. The generated muqarnas are constructed in a radial way and
every tier consists of one type of repeated elements. The system is not able to generate
muqarnas which consists of varying element combinations, like common in Seljuk and Il-
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Khanid architecture. Besides this work, Yaghan studies in [Yaghan, 2001b] the muqarnas
elements in order to design new elements for creating new kind of muqarnas. Studies of
Yaghan concerning the decoding of muqarnas designs contain a survey about corbelled
muqarnas (see [Yaghan, 2003]) and also a reconstruction proposal for the plate found at
Takht–i–Sulaymān (see [Yaghan, 2000]).

The thesis of Sayed M. A. Ibrahim documents the architectural features of muqarnas
(see [Ibrahim, 2002]). This documentation serves to show how to implement repair
work at historical buildings as well as to show how to integrate this traditional element
into modern architecture. It is a complete overview, which is very useful to understand
muqarnas. Both Yaghan and Ibrahim give an overview about notices of muqarnas found
in the literature. Methods for a structural reading of muqarnas designs are not found.
Decoding designs is based on heuristic methods; using experience and intuition leads to
the proposal of interpretations.

1.2.3 Outline of this Work

In this work new methods are developed for doing research on muqarnas. We bring dif-
ferent disciplines, namely art history, mathematics and computer science, together for a
better understanding of the muqarnas structure. For the first time a more mathematical
context is used to define the muqarnas vaults and the muqarnas designs. This makes
it possible to develop an algorithm that is able to analyze the muqarnas designs. The
result is a reconstruction algorithm which is given as a software package. A faster under-
standing of a muqarnas design and a survey of the different reconstruction possibilities
is realizable with this software. The reconstruction process is worked out for muqarnas
vaults from the Seljuk and Il-Khanid time, fitting into domes or niches. Knowledge of art
history concerning the common muqarnas styles corresponding to a certain region, time
period or building materials is required to select the muqarnas reconstruction which fits
best in the historical context.

The Il-Khanid muqarnas, as we know them from Iran, were often built from pre–
fabricated elements. They mainly exist of a finite set of different elements. We will
consider this property in the reconstructions. For the Seljuk muqarnas a wider variety of
different elements is possible.

This work is organized as follows: besides of the introduction (Chapter 1), it contains
three main parts, each represented by one chapter. The first part, which is presented in
Chapter 2, is concerned with a formalization of the terms muqarnas vault and muqar-
nas design by defining these in a more mathematical context. Having clear definitions
available makes it possible to analyze the muqarnas structure. This analysis is done in
the second part, presented in Chapter 3. In that chapter we present the steps executed
to calculate the muqarnas structure from its design. The reconstructing process is split
in two steps: in the first step we construct a directed subgraph from the design of a
muqarnas vault (see Section 3.1), and in the second step the muqarnas is reconstructed
by reading the structure of this subgraph (see Section 3.3).
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The third part (Chapter 4) focuses on the conversion of the reconstruction algorithm
into a software tool. This tool is able to do suggestions for reconstructions of muqarnas
designs. The program flows of the different parts the software consists of are explained.
Additionally, a detailed description of the main data–structures and methods used in the
software is given.

In Chapter 5, we show the results of applying the software tool for reconstructing dif-
ferent muqarnas vaults from the Seljuk and Il-Khanid periods. The last chapter (Chapter
6), contains a review in form of conclusions and proposals for further study. For studying
the muqarnas structures we use terms from graph theory. The exact definitions can be
found in the Appendix A.



Chapter 2

Structure of the Muqarnas

In this chapter we formalize the structure of muqarnas. In the first part (see Section
2.1), we study muqarnas as they appear in the Islamic architecture and formulate the
properties we need to consider in our reconstructions. These properties are used in the
second part (see Section 2.2) to define a muqarnas in a more mathematical way.

2.1 Muqarnas in the Architecture

In order to understand the structure of a muqarnas, we first introduce their building
blocks, or muqarnas elements, as we find them in the Seljuk and Il-Khanid architecture
(see Section 2.1.1). Our description of the elements is based on the definitions given by
al-Kāsh̄ı. After presenting the elements, we give an overview about the way they can be
combined for constructing a muqarnas vault (see Section 2.1.2).

2.1.1 Muqarnas Elements

In al-Kāsh̄ı’s definition of muqarnas (see citation in Section 1.1.2), it is explained that a
muqarnas is constructed from different cells. These cells are the main building blocks
of which the muqarnas is built. Beside the cells, some space need to be filled with
another kind of building blocks, the so–called intermediate elements. Al-Kāsh̄ı already

roof

facet facet

roof

Figure 2.1. Examples of curved muqarnas elements. On the left: a cell. On the right:
an intermediate element.

formulated a definition of a cell. In this definition a cell is compared with a house (see
[Dold-Samplonius, 1992, p. 226]):

11
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Definition 2.1.1 (cell, al-Kāsh̄ı). The two (facets) can be thought of as standing on a plane

parallel to the horizon. Both (facets) together with their roof are called one cell [bayt].

We adopt from [Dold-Samplonius, 1992, p. 226] the word cell as translation for the
Arabic word bayt. The word bayt could also be translated with house. Like a house, a cell
is then split in its facets, which correspond to the straight part of the elements, and its
roof, which correspond to the curved part (see Figure 2.1). In the context of al-Kāsh̄ı’s
manuscript such a division makes sense, because his aim was to calculate the surface of
the muqarnas elements. Therefore, it was important to describe the exact curve on the
side of the elements and calculate the surface of the roof and the facets separately.

We adopt the word intermediate element (Zwischenelement) from [Harb, 1978, p. 34]
to describe the other type of building blocks. An intermediate element is an element
which connects the roofs of two adjacent elements. These adjacent elements can be a
cell or an intermediate element, as we see in Figure 2.2. The place between two elements
is not necessarily filled with intermediate elements.

Figure 2.2. On the left: an intermediate element joining two cells. In the middle: an
intermediate element joining a cell and an intermediate element. On the right: place
between the cells is not filled with intermediate elements.

We often refer to the horizontal plane projection of an element. These projections
are two dimensional polygons with three or four vertices, which represent the geometric
figures we recognize if we watch a muqarnas from beneath (see Figure 2.3). We want

Figure 2.3. Portal to the enclosure at Sultan Han near Aksaray (Turkey). On the
left: view from the front. In the middle: View from underneath. On the right: plane
projection.

to emphasize that sides of elements become edges in the plane projection. Nodes in the
plane projection are then the projection of lines where sides join (see Figure 2.4).
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B

A

Figure 2.4. Elements with curved sides marked, together with their projections.

We often refer to the curved sides of the muqarnas elements. To describe the structure
of the muqarnas the exact curve of the sides of the elements is not that important. But to
know which sides are curved, gives us the orientation of the element and the place where
the elements join. In our drawings we represent these sides indeed by curved faces as
they are common in Il-Khanid muqarnas (see Figure 2.4). Without changing the structure
of the muqarnas we could change their form (see e.g. [Yaghan, 2001a, p. 141]). To clear
terminology, we define the apex of the curved side by the line at the front of the curved
side. The backside of the curved side is the line on the opposite side. In the left picture of
Figure 2.4, we marked the apex of the curved side with A and its backside with B. Both
apex and backside of the curved side are in the plane projection represented by a node.
Curved sides of a cell join in their apex, the curved sides of an intermediate element join
in their backsides.

Muqarnas of the Il-Khanid period only consist of a small set of basic elements. These
basic elements were already described by al-Kāsh̄ı (see [Dold-Samplonius, 1992]). In
[Dold-Samplonius, 1996] an extensive explanation of his description is given. We give
an overview of the plane projections of the basic elements of the Il-Khanid period in
Figure 2.5. The names of the geometric figures are adopted from al-Kāsh̄ı. We see that
the plane projection of the Il-Khanid muqarnas elements are figures based on a square

(left column) or on a rhombus (right column). We choose our unit according to the edges
of the square. The length of this side will be our measure unit and we adopt from al-Kāsh̄ı
the word module [miqyās] for its size (see [Dold-Samplonius, 1992, p. 226]).

Concerning square based elements, we find a square with all sides equal to the mod-
ule. Elements with a square as plane projection can appear as a cell or as an intermediate
element. Furthermore, we find a jug with smaller diagonal as the square. In Il-Khanid
muqarnas a jug only appears as plane projection of a cell. The longer sides of the jug
have the module as their length, these are the sides which correspond to the curved sides
of the element. The length of the smaller diagonal of a jug equals the module. The large

biped is what remains if we subtract the jug from the square. In Il-Khanid muqarnas
we only find a large biped as plane projection of an intermediate element, in general in
connection with a jug. The remaining square-based figure is the half square, where the
square is cut in its diagonal. Elements with a half square as plane projection in general
appear in the first tier as a cell., but may also appear as an intermediate element.

Based on a rhombus, we first consider the rhombus itself. The rhombus has four
sides with length equal to the module, two opposite angles of 45◦ and two opposite
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Figure 2.5. Overview of the basic muqarnas elements.

angles of 135◦. The rhombus appears as plane projection of a cell and of an intermediate
element. In Figure 2.6 three different elements with a rhombus as plane projection are
visualized. In the first picture we see a cell with plane projection a rhombus, the curved
sides join in the apex with an angle of 135◦. In the right two pictures of Figure 2.6 we
see two different intermediate elements. In the first the shorter diagonal is used for the
orientation of the element and the curved sides join in an angle of 135◦. In the second
picture the larger diagonal is used, and the curved sides join in an angle of 45◦. In Il-
Khanid muqarnas we do not find cells with a rhombus as plane projection where the
larger diagonal is used for the orientation. The almond and the small biped represent a

Figure 2.6. Three different elements with a rhombus as plane projection.

possibility to split the rhombus, like a jug with a large biped for the square. In Il-Khanid
muqarnas the almond appears only as plane projection of a cell. This cell has two sides
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with sizes equal to the module, which are the sides corresponding to its curved sides.
These two sides join in an angle of 45◦. The opposite angle is 135◦ and the other two
angles have both sizes of 90◦. A small biped is what remains if we subtract an almond
from a rhombus. The two sides with sizes equal to the module correspond to the curved
sides of the element. These curved sides join in an angle of 45◦ and the opposite angle
equals 225◦. The remaining two angles have sizes of 45◦. In Il-Khanid muqarnas, a small
biped only appears as plane projection of an intermediate element. The last figure based
on a rhombus is the half–rhombus. The half–rhombus is given by dividing the rhombus
over its smaller diagonal yielding an equilateral triangle. In Il-Khanid muqarnas, it only
appears as plane projection of an intermediate element. Often we find two half–rhombi
in combination with a jug and a square forming a hexagon (see Figure 2.7).

Figure 2.7. Common combination where half–rhombi are used to carry a jug.

In Il-Khanid muqarnas other elements than the basic ones only appear at the bound-
ary. In Figure 2.8 the plane projection of an Il-Khanid muqarnas vault in a niche of the
Friday Mosque in Ashtarjān is drawn. We see that this projection indeed mostly consists
of polygons as given in the overview in Figure 2.5. At the part corresponding to the front
of the muqarnas vault other muqarnas elements appear. They need to be adapted so that
the muqarnas fits into the vault. In the center of the upper most tier we often find ele-

Figure 2.8. Plane projection of a muqarnas vault in the entrance portal of the Friday
Mosque (1315–1316) in Ashtarjān (Iran). We find figures corresponding to non–basic
elements (gray) at the front of the vault. The center is filled with barley–kernels (dark
gray).
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ments with barley kernels as plane projection. A barley kernel has two sides with length
of the module. The length of the diameter varies and needs to be adapted to the vault in
which the muqarnas is built. In Il-Khanid muqarnas, it only appears as plane projection
of intermediate elements of the upper tier.

It is a special property of Il-Khanid muqarnas that they are formed from only a few
different kind of elements. In muqarnas of other styles we find more variation in the
elements. For example in the Seljuk muqarnas we see that there is a larger freedom for
varying the angles (see e.g. Figure 2.9). In the designs found in the Topkapı Scroll (see
[Necipoǧlu, 1995]) this is also the case, but the structure of the muqarnas remains the
same.

Figure 2.9. Plane projection of the muqarnas in the entrance portal of the Hunat
Hatun Camii (1238) in Kayseri (Turkey).

In other kinds of muqarnas, for example the ones in Morocco, besides of the cells and
intermediate elements other types of elements appear. In [Castéra, 1996, p.316–319] an
overview of the elements common in muqarnas used in Morocco is given. As example,
we mention the rectangular element as given in Figure 2.10. We see that this is neither
a cell nor an intermediate element. In this element the curved sides do not join, but
they lie opposite to each other. As we did not find such elements in Il-Khanid and Seljuk
muqarnas it will not be considered in our reconstructions.

Figure 2.10. Rectangular element as used in muqarnas in Morocco.

2.1.2 Three–Dimensional Muqarnas Structure

In this section we study the structure of muqarnas by discussing how the different muqar-
nas elements of a muqarnas can be arranged to form a muqarnas structure. In al-Kāsh̄ı’s
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definition, a muqarnas is compared with a staircase. We have to think about a structure
constructed from building blocks arranged in different levels, which are the stairs. Al-
Kāsh̄ı calls such a level a tier [t.abaqa] and we adopt this terminology. He defines a tier
as follows (see [Dold-Samplonius, 1992, p.226]):

Definition 2.1.2 (tier). Adjacent cells, which have their bases on one and the same surface

parallel to the horizon are called one tier.

AB C D

Figure 2.11. Part of a tier of the muqarnas niche in the basement of the north iwan
in the Friday Mosque of Natanz.

In Figure 2.11 we see a part of a tier. We observe that the elements on the same tier
join together at their curved sides. The curved sides can join directly together, like we see
in the case of the elements A and B, or they can join only at the backside of the curved
side, so that there remains an angle between the curved sides of two adjacent elements
(elements C and D). Cells can only join other elements in the same tier at their curved
sides. Intermediate elements most often join other elements on the same tier at their
curved sides, but also their front parts can join front parts of intermediate elements at the
same tier (see Figure 2.12). In that case the curved sides still join elements on the same
tier, and the front sides “touch” each other. The two front parts of a full intermediate

Figure 2.12. Examples of structures where front sides of intermediate elements touch
other intermediate elements in the same tier.

elements touch two different elements. The situation as shown in Figure 2.12, where two
intermediate elements lie opposite of each other and touch in their front, only appears
for half intermediate elements, and not for full intermediate elements.
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The next tier will then be arranged on the previous one in such a way that in the
projection no gaps will be left and the projection of the elements do not overlap. In
Figure 2.13 we demonstrate how cells are built upon elements a tier below. We find that
the apex of a curve always ends in the bottom of a curved side of an element in the next
tier. Because of this property we say that a muqarnas is oriented in upwards direction:
following the curved sides gives a possibility to go up in the muqarnas. Further, we see in
Figure 2.13(a) that the backsides of a cell can be put on curved sides of elements below.
The Figures 2.13(b) and 2.13(c) show that backsides of a cell also can be put on front
sides of intermediate elements. An intermediate element stands at the front of a cell from
the previous tier.

(a) Back on curve. (b) Back on front. (c) Back on front. (d) Back on front.

Figure 2.13. Different ways of building cells upon elements in a lower tier.

We summarize the possibilities how we can combine the different elements:

curve to curve: A curved side of an element joins a curved side of an element on the
same tier (see Figure 2.11).

front to front: The front part of an intermediate element can touch the front part of
an intermediate element on the same tier (see Figure 2.12).

back on curve: The backside of a cell can stand on the curved side of an element of
the tier below (see Figure 2.13(a)). The apex of the curved side of the
element in the lower tier then joins the curved sides of the cell in the
upper tier (curve points to curve).

back on front: The backside of a cell can stand on the front of an intermediate element
of the tier below (see Figures 2.13(b) and 2.13(c)). An intermediate
element stands on the front of a cell (see Figure 2.13(d)).

Considering the complete muqarnas structure, we define the bottom of the muqarnas
as the set of elements which do not stand on elements of a lower tier. This bottom is
called regular if all elements of the bottom are contained in the first tier of the muqarnas.
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Similar, the center of the muqarnas consists of the set of elements which do not join to
elements in a upper tier. The center is called regular if all elements of the center belong
to the most upper tier of the muqarnas. The front part of a muqarnas fitting into a niche
is formed by the elements at the border of the tiers.

2.2 Muqarnas as an Abstract Geometrical Structure

To define a muqarnas in a more mathematical context, we define it as a finite set of
muqarnas elements, together with their position and orientation. We will start this sec-
tion with a more abstract definition of muqarnas elements, and try to formulate some
properties for the “set of muqarnas elements” to make clear what kind of sets are al-
lowed (see Section 2.2.1). In this more abstract characterization of muqarnas only the
structure of the muqarnas is considered, no information about the exact appearance (ma-
terial, color, measurements) of the muqarnas is given. We continue with an definition
of the muqarnas plan, which will substitute the muqarnas design (see Section 2.2.2). In
the last part of this chapter (see Section 2.2.3), we calculate the proportions of the ele-
ments appearing in Il-Khanid muqarnas and formulate special properties of an Il-Khanid
muqarnas plan.

2.2.1 Elements as Abstract Objects

The crucial sides of the elements for describing the structure of the muqarnas are the
curved ones. In the previous section we have seen that these are the surfaces where
elements on the same tier are connected to each other. We see in Figure 2.1 that the two
curved sides of a cell join at the front of the element, in the apex of the curved sides. The
two curved sides of an intermediate element join at the backsides of the curved sides. In
Figure 2.4 we see that the plane projection of the place where the curved sides join is a
node and we call this node the central node of the element.

Definition 2.2.1 (central node). The central node of an element is the plane projection of

the place where the curved sides join.

To classify the elements by means of parameters such as an angle and some typical
length, we use the angle between the curved sides of the element and the diameter. In the
case of a full element the diameter is defined as being the distance between the central
node and its opposite node. In the case of a half element, where the projection only
consists of three vertices, there is no diameter. Before formalizing these definitions, we
introduce the notation α(c, v, w) for the size of the angle in radians over which we can
rotate v in counter–clockwise direction over c, so that vector v − c and vector w − c join
(see Figure 2.14).

Let c ∈ R
2 be the central node of an element and v = (vx, vy), w = (wx, wy) ∈ R

2 such
that the edge edge(c, v) connecting c and v and the edge edge(c, w) connecting c and w
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c
v

α

w

Figure 2.14. To join v−c with w−c we have to rotate v over c by an angle of α(c, v, w)

in counter–clockwise direction.

correspond to the curved sides of a muqarnas element. The nodes v and w are chosen
in the order so that if we rotate v in counter–clockwise direction to w we cross over the
projection of the interior of the element.

Definition 2.2.2 (standard position). We say that the element is in standard position if

its central node c lies in the origin and edge(c, v) joins with the x-axis, so c = (0, 0) and

vy = 0.

The left two pictures of Figure 2.15 show the plane projection of muqarnas elements
in standard position. The curved sides are represented by arrows. This motivates to
classify the type of a basic muqarnas element as follows:

Definition 2.2.3 (type). The type of a muqarnas element is given by two nodes a =

(ax, ay), b = (bx, by) ∈ R
2, representing the curved sides and, in case of a full element, a

number d ∈ R≥0, representing the diameter, so that ay = 0 and 0 < α(0, a, b).

The type as formulated in this definition is then given by the element in standard
position, it is given by the two edges edge(0, a) and edge(0, b) joining in the central node.
The size of the diameter of the element equals d. In case ax < 0 we are dealing with a
cell and if ax > 0 the figure corresponds to an intermediate element. The fourth node of
the element can be found by drawing a line from 0 with end–node k so that the distance
‖k‖ from k to 0 is equal to d and α(0, a, k) = 1

2
α(0, a, b). If we are dealing with a half

element, there is no diameter.
The right two pictures of Figure 2.15 illustrate the definition of the position of an

element. We calculate c and φ from the plane projection. The height h ∈ Z≥1 of the
element is the number of the tier to which the element belongs. The tiers are counted
from below, so that the elements in the bottom tier have height h = 1. The position
c ∈ R

2 will be the position in the plane projection, given by the coordinates (cx, cy) of
the central node. The orientation of the element is given by φ ∈ [0, 2π). Let c, v, w ∈ R

2

as before, so that the edges edge(c, v) and edge(c, w) are the projections of the curved
sides of the muqarnas element and the element lies at the side we cross over by rotating
v counter–clockwise over c to w. We define e0 := (1, 0). In case of a cell the position of
the element is given by {c, h, φ} with φ = α(c, c − e0, v), so the element is rotated from
standard position in counter–clockwise direction over φ and translated over c. Similar,
the position of an intermediate element is given by {c, h, φ} with φ = α(c, c + e0, v).



2.2 Muqarnas as an Abstract Geometrical Structure 21

b

0
0

d

a

b
d

a c − e0

w

c

v

φ
c

φ
v

e0 + c

w

Figure 2.15. On the left: plane projection of a cell and an intermediate element in
standard position. On the right: the projection of a cell and an intermediate element
with position {c, h, φ}.

Definition 2.2.4 (position). Consider an element in tier h with central node c. Let edge(c, v)

be the projection of a curved side of the element, such that if we rotate edge(c, v) in the plane

in counter–clockwise direction, then we cross over the projection of the element. The position

of the element is then given by {c, h, φ} with φ = α(c, c−e0, v) for a cell and φ = α(c, c+e0, v)

for an intermediate element.

2.2.2 Muqarnas Plan

We have seen in Section 1.1.3 that a muqarnas design is a drawing which consists of
polygons representing the plane projections of the muqarnas elements. A muqarnas de-
sign therefore mainly consists of geometrical figures as given in Figure 2.5: the plane
projections of the building blocks of the muqarnas. In practice a muqarnas design does
not correspond to the exact projection of all the elements. If we study the plate found
at the Takht–i–Sulaymān, we observe that only square and rhombus figures are drawn.
During the analysis of this design we find that it is not possible to construct a muqarnas
only consisting of squares and rhombi; we have to interpret some rhombi as a combina-
tion of an almond and a biped (see e.g. [Dold-Samplonius and Harmsen, 2005]). In the
muqarnas designs of the Topkapı Scroll the designers mark where figures have to be split.
In these designs, polygons often appear with more than four nodes, which suggests that
the projection of the sides of some elements is not always drawn. We see, for example, in
Figure 2.16 a detail from the left lower corner of the design nr. 16 from the Topkapı Scroll
(see [Necipoǧlu, 1995, p. 294]). In the right picture a dotted line is inserted to mark a
side of an element which is not drawn in the design, but necessary for the construction.

In the software we developed, we use a muqarnas plan as an input. A muqarnas plan
is the set of lines corresponding to the plane projection of all sides of the elements. The
definition of muqarnas plan is inspired by the muqarnas designs we know, but we need to
be aware that we often have to adapt the design before it is a muqarnas plan containing
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Figure 2.16. Part of a design from the Topkapı Scroll (from [Necipoǧlu, 1995, p. 294]).

the plane projection of all sides of the elements. We define a muqarnas plan as a graph
(see Definition A.1). Interpreting it as a graph gives us a way to store the structural
information contained in the plan. As a graph the edges E and nodes of intersection N

are stored.

Definition 2.2.5 (muqarnas plan). A muqarnas plan P = P (N, E) is a two dimensional

drawing, existing of a finite set of edges E and a finite set of nodes N such that if l, m ∈ E,

then l ∩ m ∈ N .

To understand the meaning of the edges in the muqarnas plan we first remark that
the edges in the projection of a cell correspond to the two curved sides and the two
backsides of the cell. The edges in the projection of an intermediate element correspond
to the projection of the two curved sides and the two front parts of the intermediate
element. In case of a half element, only one edge in the projection corresponds to the
backside respectively the front part of the element. An edge in the interior of a plan
corresponds to a place where two elements of the muqarnas join. We already listed all
cases in which sides of elements join to sides of other elements in Section 2.1.2. Each
edge in the interior of the muqarnas plan then corresponds with one of the situation as
listed there; curve to curve, front to front, back on curve or back on front.

The geometrical information is included in the information of the coordinates of the
nodes N . The structure information is presented by the connection between these nodes,
which is given by the set of edges E. In this way the plane projections of the elements are
not explicitly stored in the plan, but can be calculated from the coordinates of the nodes
and their connections. We call the plane projection of a muqarnas element a figure. As
each muqarnas element has three or four nodes in its plane projection, the figures are the
cycles in P of length three or four. They will be given by ordered sets {u, v, w} such that if
we rotate edge(v, w) over v to edge(v, u) in counter–clockwise direction, we cross over the
figure defined by {v, w, u}. In case of a figure consisting of three nodes this means that
edge(w, u) must exist and α(v, w, u) < π. In case of a figure corresponding to a polygon
of four nodes there exists a node k connected to w and u with α(v, w, k) < α(v, w, u) as
we need to cross the polygon given by v, w, k and u during rotating w to u. We say that
the figure is oriented in counter–clockwise direction as a walk over u, v, w, k, u defines a
counter–clockwise cycle (see Figure 2.17).
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Figure 2.17. On the left: two examples of ordered triples {u, v,w} defining a figure.
On the right: example of an ordered triple {u, v,w} defining an island.

Definition 2.2.6 (figure). The ordered triple {u, v, w} defines a figure if nodes v and w

are connected and α(v, w, u) < π or if nodes v and w have a common adjacent k 6= v and

α(v, w, k) < α(v, w, u).

In the next chapter, we also work with a subgraph of the plan P by removing certain
edges from the plan. Thereby polygons arise which consists of more than four nodes
and do not fit in our definition of a figure. We call these polygons islands (see right
picture of Figure 2.17). In this context an island is a generalization of a figure and we
also define them by ordered triples {u, v, w}. The corresponding polygon is then given
by a sequence {v0, . . . , vn} starting with u, v, w, so v0 = u, v1 = v, v2 = w. For being an
island this sequence needs to define a counter–clockwise oriented cycle in the plan, such
that the polygon given by this cycle does not contain other nodes of the plan P . Because
it defines a cycle vn = v0 and being counter–clockwise oriented means that by rotating
vi+1 over vi to vi−1 for i = 1, . . . , n − 1 in counter–clockwise direction we cross over the
polygon given by v0, . . . , vn.

Definition 2.2.7 (island). An ordered set {u, v, w} defines an island in P (N, E) if there

exist a counter–clockwise oriented sequence v0, . . . , vn ∈ N with v0 = u, v1 = v, v2 = w and

vn = v0 = u such that

{

t0v0 + · · ·+ tnvn :

n∑

i=0

ti = 1, 0 ≤ ti < 1 for i = 1, . . . , n

}

∩ N = ∅. (2.1)

We need the condition (2.1) so that polygons with nodes in the interior are excluded
from being an island.

We use in general a quarter muqarnas plan for our input. With a quarter plan we
mean the part of which four copies are needed, so that a dome can be filled with the
muqarnas (see Figure 2.18). We get these copies by mirroring the quarter plan twice.
If we mirror it once, we get a plane projection of a muqarnas corresponding to a niche.
In that case a quarter plan is the projection of half the muqarnas. We always choose
the orientation of a quarter muqarnas plan such that the left lower corner of the plane
projection corresponds to the right corner at the back of the muqarnas if we stand in
front of a muqarnas niche (see Figure 2.19). The diagonal nodes of a quarter muqarnas
plan are then the nodes on the line from the left lower corner to the right upper corner of
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Figure 2.18. The thick lines represent a quarter of a muqarnas plan. The complete
plan could be the projection of a muqarnas vault of the south octagon at the Takht–
i–Sulaymān (see [Harb, 1978, p. 46]).

Figure 2.19. Plan and photo of muqarnas in the basement of the north iwan from the
Friday Mosque in Natanz. In red the diagonal nodes.

the plan. If the muqarnas plan corresponds to a muqarnas vault in a dome, this diagonal
gives a symmetry line of the plan. For niches this is not the case.

In the next chapter we will see that for converting a muqarnas plan into a muqarnas
structure, it seems to be important to know how a certain node in a muqarnas plan is
situated according to the boundary of the plan. The definitions concerning the boundary
are visualized in Figure 2.20. The boundary of a plan consists of the nodes which are not
surrounded by figures or islands. This means that v is in the boundary if it has neighbors
u, w such that {u, v, w} and {w, v, u} do not define a figure or island. We denote the set
of boundary nodes of a plan P by W (P ).



2.2 Muqarnas as an Abstract Geometrical Structure 25

Definition 2.2.8 (boundary). The boundary W (P ) ⊂ N of a muqarnas plan P (N, E) is

the set of nodes n ∈ N which are not surrounded by figures or islands

In this way the boundary is the collection of nodes not belonging to the inner part
of the plan. The boundary of a muqarnas plan as defined here, consists of nodes corre-
sponding to vertices at the bottom, the side, or the center of the muqarnas. We therefore
split the boundary of a plan also in the center and the bottom boundary.

y
–m

ir
ro

rl
in

e

x–mirrorline

Figure 2.20. The bold nodes represent the boundary of the plan corresponding to the
vault over the east portal of the shrine in Bistam. The blue part defines the bottom
boundary and the red part the center.

To separate the different parts of the boundary we assume that the plan is a quarter
plan with the usual orientation. We consider the plan in the xy–plane and represent its
nodes with (x, y) coordinates. Let xmax ∈ R be the maximal x-value appearing in the plan
and ymax ∈ R be the maximal y-value. We define the x–mirrorline parallel to the x–axis
by the line y = ymax and the y–mirrorline parallel to the y–axis by x = xmax.

The boundary of the x–mirrorline is given by the nodes on the x–mirrorline with
maximal or minimal x–value. The interior of the x–mirrorline is what remains after re-
moving the boundary of the x–mirrorline. The boundary and interior of the y–mirrorline
is defined analogously.

Definition 2.2.9 (center). The center Wc(P ) of the plan P is the shortest path in W (P )

between the end–node of the x–mirrorline with maximal x–value and the end–node of the

y–mirrorline with maximal y–value.

Definition 2.2.10 (bottom boundary). The bottom boundary Wbb(P ) of the plan P is

given by the path in W (P ), not containing center nodes, between the end–node of the x–

mirrorline with minimal x–value and the end–node of the y–mirrorline with minimal y–

value.
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Figure 2.21. The bottom boundary nodes are given by the blue nodes in this plan.
They are found by removing the red nodes and then the path between v and w is
calculated over the remaining boundary nodes.

In Figure 2.21 we see the motivation to define the bottom boundary in this way.
It is defined by the path between the node v on the the x–mirrorline with smallest x–
value and the node w on the y–mirrorline with smallest y–value. By excluding the nodes
(marked red in Figure 2.21) on the center and the mirrorlines, we find the path at the
right side.

We will see that often there are several reconstructions possible from a given plan.
These reconstructions differ in their global form. The shape can often be fixed by restric-
tions on the boundary. We say that a given muqarnas has a regular bottom boundary if
and only if all nodes in the bottom boundary of the plan correspond to elements in the
first two tiers of the muqarnas. Similarly we define the center of a muqarnas as being
regular if and only if all nodes in the center of the muqarnas plan correspond to elements
in the top tier.

2.2.3 Structure of Il-Khanid Muqarnas

We finish this chapter by applying our definitions of the muqarnas elements and the
muqarnas plan to Il-Khanid muqarnas. From the plane projections (see Figure 2.5) of
the basic muqarnas elements we can calculate their angles and diameters. In Table 2.1
an overview of these angles and diameters is given by using the module as our unit of
measurement.

Il-Khanid muqarnas are designed by mainly using the basic elements. This has as con-
sequence that the coordinates of the nodes in their plane projection can be represented
by integers. In Chapter 4 we will see how we can use this integer representation in our
software as a data–structure to represent a muqarnas plan. An advantage of this integer
representation is that it is possible to verify whether nodes are the same by comparing
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name angle diameter

square 1
2
π

√
2

jug 1
2
π 1

large biped 1
2
π

√
2 − 1

half square 1
2
π –

(long) rhombus 1
4
π 1√

2 sin (π/8)

(short) rhombus 3
4
π 1√

2 sin (3π/8)

almond 1
4
π 1

cos (π/8)

small biped 1
4
π 1√

2 cos (π/8)

half rhombus 1
4
π –

Table 2.1. Overview of the measures of the basic muqarnas elements.

integers instead of floating–point numbers. Because floating–point numbers are rounded
to integers, we can work with drawings which are not very exact: the nodes are rounded
to the nodes fitting in a muqarnas plan.

We can verify the following properties for the basic elements by checking these state-
ments for all nodes in the projections drawn in Figure 2.5:

• The plane projection of the elements are polygons of which all angles
have sizes kπ/8, k ∈ Z.

• Nodes of the plane projections of the basic elements in standard position
can be represented by coordinates in the grid

L :=
(

Z + Z/
√

2
)

×
(

Z + Z/
√

2
)

.

We prove that nodes of a plan consisting only of basic elements are all in the grid L.

Proposition 2.2.11. The set of nodes N of a plan P (N, E) corresponding to a muqarnas

only consisting of basic elements, is a subset of the grid L :=
(
Z + Z/

√
2
)
×

(
Z + Z/

√
2
)
.

PROOF. We give the proof by showing that we only need two transformations for putting
the polygons from their standard position to their places in the muqarnas plan. These
two standard transformations are given by:

(i). Translation over n ∈ L.

(ii). Rotation by kπ/4, k ∈ Z.
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We first prove that these two transformations are homomorphisms on L if we consider
L as a Z–module. Then we show that these transformations are sufficient to bring the
polygons to their position in the plan.

Transformation (i) is an operation in L: let l, n ∈ L, we can translate l over n by
adding n to l. It can be confirmed that n + l ∈ L. For transformation (ii), let l ∈ L and
let Rk be the rotation–matrix for rotating over an angle of kπ/4, 0 ≤ k ≤ 8, hence

Rk =




cos (kπ/4) − sin (kπ/4)

sin (kπ/4) cos (kπ/4)



 =




±1/

√
2 ±1/

√
2

±1/
√

2 ±1/
√

2



 .

Because all entries of Rk are equal to ±1/
√

2 ∈ Z × Z/2, we can confirm that Rk · l ∈ L.

To prove that these are the only transformations we need, we use induction on the num-
ber of elements in the muqarnas. If a muqarnas consists of one element, we choose the
orientation of the grid such that this element is in standard position. For a plan of n + 1

elements, we look at a polygon at the boundary of the plan. The element corresponding
to this polygon needs to join with its curved side to another element. Therefore, one of
the edges of the polygon has length 1. Let this edge be edge(v, w). As the other n poly-
gons have coordinates in the grid L, the end–nodes v, w of the edge edge(v, w) are in the
grid L. One of the end–nodes of edge(v, w) corresponds to the central node. We assume
that this is the node v. By translating over −v, the central node lies in the origin. The
coordinates of the other end–node w − v is then given by w − v = (a + b/

√
2, c + d/

√
2)

with a, b, c, d ∈ Z. As the length of the edge edge(v, w) equals to 1 we find that
∥
∥
∥

(

a + b/
√

2, c + d/
√

2
)∥
∥
∥ = 1,

which gives us that
a2 + 1

2
b2 + c2 + 1

2
d2 + (ab + cd)

√
2 = 1,

so we find that
a2 + 1

2
b2 + c2 + 1

2
d2 = 1 ∧ ab + cd = 0.

The only integer solutions are now (a, b, c, d) = (±1, 0, 0, 0), (a, b, c, d) = (0, 0,±1, 0) and
(a, b, c, d) = (0,±1, 0,±1). This means that

(

a + b/
√

2, c + d/
√

2
)

= (±1, 0),

or (

a + b/
√

2, c + d/
√

2
)

= (0,±1),

or (

a + b/
√

2, c + d/
√

2
)

= (±1/
√

2,±1/
√

2).

The node w − v is therefore given by rotating (1, 0) or (−1, 0) over the origin by kπ/4.
Let the other edge of length one corresponding with a curved side be given by edge(v, u),
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then the position of the polygon p is given by translating with v and rotating over k
4
π or

over kπ/4 ± α(v, u, w), As α(v, u, w) is the angle of the element, α(v, u, w) = kπ/4 for a
k ∈ Z.

We use the property that the grid Z≥0 × Z≥0 is countable to represent each node in L

with one integer. We define the function f : Z≥0 × Z≥0 → Z≥0 by

f(i, j) 7→ j + 1
2
(i + j)(i + j + 1). (2.2)

we denote brc for the largest integer smaller than or equal to r.

Proposition 2.2.12. The function f is invertible with the inverse g : Z≥0 → Z≥0 × Z≥0

given by

g : k 7→
(
n − k + 1

2
n(n + 1), k − 1

2
n(n + 1)

)
(2.3)

with n =
⌊
−1

2
+ 1

2

√
8k + 1

⌋
.

PROOF. We define g as in (2.3) and have g(Z≥0) ⊂ Z≥0 × Z≥0 and f(Z≥0 × Z≥0) ⊂ Z≥0. It
suffices to prove that g(f(i, j)) = (i, j) for all (i, j) ∈ Z≥0 × Z≥0 and g(f(k)) = k for all
k ∈ Z≥0.

Let (i, j) ∈ Z≥0 × Z≥0, then

g(f(i, j)) = g(j + 1
2
(i + j)(i + j + 1))

=
(
n − k + 1

2
n(n + 1), k − 1

2
n(n + 1)

)
,

(2.4)

with k = j + 1
2
(i + j)(i + j + 1) and with n =

⌊

−1
2

+ 1
2

√

8(j + 1
2
(i + j)(i + j + 1)) + 1

⌋

.

We note that

1
2

√

8(j + 1
2
(i + j)(i + j + 1)) + 1 =

√

(i + j + 1)2 − i + j − 3
4

and
i + j + 1

2
≤

√

(i + j + 1)2 − i + j − 3
4

< i + j + 3
2
,

which can be seen by writing (i+j+1)2 as
(
(i + j + 1

2
) + 1

2

)2
= (i+j+ 1

2
)2 +(i+j+ 1

2
)+ 1

4

for the left estimate and (i + j + 1)2 as
(
(i + j + 3

2
) − 1

2

)2
= (i + j + 3

2
)2 − (i + j + 3

2
) + 1

4

for the right estimate. We find

n =
⌊

−1
2

+ 1
2

√

8(j + 1
2
(i + j)(i + j + 1)) + 1

⌋

= i + j.

By setting n = i+j in (2.4) we can verify that g(f(i, j)) = (i, j). To prove that f(g(k)) = k

we calculate f(i, j) with i = n − k + 1
2
n(n + 1) and j = k − 1

2
n(n + 1). We can verify that

i + j = n and therefore f(i, j) = k − 1
2
n(n + 1) + 1

2
n(n + 1) = k.
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The function f is only invertible on Z≥0 and not on Z, we translate the muqarnas
plan so that all nodes can be given by non–negative integers a, b, c, d ∈ Z≥0. We first
translate the plan so that the smallest x–value and the smallest y–value both equals
0. Then we can represent the coordinates v = (a + b/

√
2, c + d/

√
2) by (a, b, c, d) ∈

Z≥−1 × Z≥−1 × Z≥−1 × Z≥−1. We need the “-1” to be able to represent all coordinates
of the biped. In standard position the node opposite of the central node of the small
biped is given by v = (1/

√
2, 1 − 1/

√
2), so we need d = −1 to represent its coordinates.

The node opposite of the central node of the large biped in standard position is given by
v = (1 − 1/

√
2, 1 − 1/

√
2) and so b = d = −1. To be sure that we do not need to use

negative integers, we add 1 to all a, b, c and d.

v (a, b, c, d) (f(a + 1, b + 1), f(c + 1, d + 1)) ι(v)

(0, 0) (0, 0, 0, 0) (4, 4) 40

(1/
√

2, 0) (0, 1, 0, 0) (14, 4) 77

(0, 1) (0, 0, 1, 0) (4, 7) 73

Table 2.2. Example of indices ι(v) for nodes v given in coordinates (a + b/
√

2, c + d/
√

2).

In Table 2.2 some examples of representations of nodes are given. We first add 1 to
a, b, c and d, to be sure that we apply f to non negative integers. Then we apply f two
times: the first time on (a + 1, b + 1) and on (c + 1, d + 1), and the second time on the
results of the first calculations. The node v = (a+ b/

√
2, c+ d/

√
2) is then represented by

an integer given by

ι(v) := f (f(a + 1, b + 1), f(c + 1, d + 1)) . (2.5)

As f is invertible, for each non–negative integer i ∈ Z≥0, we can calculate the coordinates
ι−1(i) by applying g two times on i (see Table 2.3).

i g(i) (g(gx(i)), g(gy(i))) ι−1(i)

0 (0, 0) (0, 0, 0, 0) (−1 − 1/
√

2,−1 − 1/
√

2)

10 (4, 0) (1, 1, 0, 0) (0,−1 − 1/
√

2)

20 (0, 5) (0, 0, 0, 2) (−1 − 1/
√

2,
√

2)

Table 2.3. Integers i represent nodes in the grid L.



Chapter 3

Algorithm for Reconstructing Muqarnas

We focus on the analysis of the muqarnas structure directly from its design. Our task is
to find the set of elements the muqarnas consists of, together with the position of these
elements. The different steps we perform to achieve this are described in this chapter.
The conversion of these steps into a computer program and the visualization of the set
of elements is treated in the next chapter (Chapter 4).

In Section 3.1 we define a directed graph derived from the muqarnas plan, which
contains the main structure information of the muqarnas. From this graph we can recog-
nize the muqarnas elements and their positions. The process of calculating the muqarnas
is then split in two steps: first we find the directed graph containing the structure infor-
mation of the muqarnas from the muqarnas plan (see Sections 3.2 and 3.4). Secondly,
we extend this graph into a three–dimensional muqarnas structure (see Section 3.3).

We discover that different steps of the algorithm contain some freedom. This result
in different muqarnas reconstructions with the same plane projections. The differences
between such muqarnas reconstructions are discussed in Section 3.5.

3.1 Representation of the Muqarnas Structure in a Graph

For converting a muqarnas plan into a three–dimensional muqarnas vault, we want to
identify for each polygon in the muqarnas plan the corresponding element, together with
the position and orientation of the element. We recall from Section 2.2 that an element
can be specified by its diagonal, angle, and its type (cell or intermediate element). To
determine its type, we decode which edges of the polygon correspond to the curved sides
of the element. If we are acquainted with the curved sides, we can specify the central
node (see Definition 2.2.1). The direction of the curves according to the central node
fixes then the type of the element. We will see that also the height information can be
assigned from knowing all directions of the curved sides in the plan. As the plane position
is already included in the coordinates of the central node, the position and orientation of
the element can then be determined.

31
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3.1.1 Definition of the Muqarnas Graph

In the left part of Figure 3.1 a cell and an intermediate element are drawn with red
arrows pointing to the apex of the curved side. In the plan P (N, E), the edges which are
projections of curved sides appear as red arrows and define a directed subgraph G(M, C)

of P (N, E). The blue arrows in the cell indicate the required direction of curved sides of
elements in the previous tier on which the cell can be arranged.

Figure 3.1. On the left: cell and intermediate element with arrows on the curve in
upward directions. On the right: corresponding plane projections.

Definition 3.1.1 (muqarnas graph). A muqarnas graph is a directed subgraph G(M, C) ⊂
P (N, E) such that an edge e ⊂ E appears in C iff it is the projection of a curved muqarnas

side or the projection of a backside of a full cell at the bottom of the muqarnas.

If edge(v, w) ∈ C correspond to the projection of a curved side with w the projection of the

apex of the curve then the edge(v, w) is directed so that it points from v to w. If edge(v, w)

is the projection of a backside of a cell then edge(v, w) points to w with w the projection of

the vertex joining to the curved side of the cell. We write arw(v, w) to refer to an arrow in

the muqarnas graph pointing from v to w.

The muqarnas graph mainly consists of the projection of the curved element sides.
Beside that, the projection of the backsides of bottom cells are included in the muqarnas
graph. In this way the structure information in which way the muqarnas can be continued
downwards is obtained. If we add elements at the bottom of the muqarnas, the backsides
of the bottom cells can only stand on the curved sides of the new elements in the direction
as fixed by the muqarnas graph.

The arrows in the interior of the graph G can correspond to one or two curved sides.
At this place elements on the same tier or of different tiers can join. At the left of Figure
3.2 the red arrow is the projection of two curved sides (curve to curve), in the right figure
the red arrows are projections of a backside of an element and a curve side of an element
in the lower tier (back on curve). The projection of the place where a backside of a cell
stands on the front of an intermediate element (back on front) and the projection of the
place where the front of an intermediate element touches the front of an intermediate
element (front to front) do not appear in the muqarnas graph.

In Figure 3.3 we see an example of the relationship between a muqarnas plan P and
the corresponding muqarnas graph G. In this example the graph G is a proper subgraph
of the plan P , as there are lines in the plan that do not correspond to curved sides and
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Figure 3.2. Projections of curved sides may correspond to two joining curved sides of
the same tier (left), or to one curved side of an element and a backside of an element
in the overhead tier.

therefore not appear in the graph G. Both objects, a muqarnas plan and a muqarnas
graph, are graphs if we consider them as mathematical objects. A muqarnas plan is an
undirected graph and a muqarnas graph is a directed graph. To avoid confusion, we will
use the term graph only for the directed graphs and use the term plan to refer to an
undirected graph.

Figure 3.3. Muqarnas plan and graph of the muqarnas vault in the basement vault of
the north iwan in the Friday Mosque in Natanz (see Figure 1.1(c)).

3.1.2 Properties of the Muqarnas Graph

The muqarnas graph is defined in terms of the three–dimensional muqarnas structure.
Our aim is to reconstruct the muqarnas directly from its design. For this reason, we
need to recognize the muqarnas graph in the plan without using other information of
the muqarnas vault as that contained in the plan. In this section we formulate some
properties of the muqarnas graph so that we can clear what kind of object we want to
create.

From the property of a muqarnas structure that the elements are arranged in tiers,
it follows that the length of the paths in a muqarnas graph with same end–nodes is the
same. To formalize this statement, we first introduce the terminology of height for nodes
in a muqarnas graph G(M, C).
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Definition 3.1.2. Let G(M, C) be a muqarnas graph. We define the height h(v) ∈ Z≥0

of a node v ∈ M as follows: if v appears as the projection of a vertex at the backside of a

muqarnas element in tier r, which belongs to the bottom of the muqarnas, then h(v) = r−1.

Otherwise h(v) is given by the number of the minimal tier containing elements with node v

in their projection.

We recall from Section 2.1.2 that following the direction of a curve in the muqarnas,
corresponds to going upwards. This means that every arrow c ∈ C of the graph G(M, C)

corresponding to a curved side in tier r points to tier r + 1. This property will later be
used for calculating the heights of the nodes directly from the muqarnas graph.

Lemma 3.1.3. Let G(M, C) be a muqarnas graph. For the height h(v) of the nodes v ∈ M

the following properties are valid:

h(w) = h(v) + 1 if arw(v, w) ∈ C (3.1)

and

min
v∈M

h(v) = 0. (3.2)

PROOF. Let the arrow arw(v, w) be the projection of the curved side of an element in
tier r. Then w is the projection of the apex of this curve. It cannot touch curved sides of
elements in a lower tier and therefore h(w) = r. The node v corresponds to a vertex on
the bottom of the curve. This vertex belongs also to the backside of the element. If the
element belongs to the bottom of the muqarnas, it follows directly from Definition 3.1.2
that h(v) = r − 1. Otherwise, the element stands on an element of the previous tier. If
the element is a cell, its backsides stand on curved sides of an element below (back on
curve), or its backsides stand on the front of an element below (back on front). In both
situations the bottom of the element touches elements a tier lower. We find that v also
appears as the projection of an element in the lower tier and h(v) = r − 1.

If the curved side of which arw(v, w) is the projection belongs to an intermediate
element not at the bottom of the muqarnas, then this element stands with its backside
on the front of an element in the previous tier. In that case we also find that h(v) = r−1.

For (3.2), we remark that this follows directly from Definition 3.1.2. The height h(v)

cannot be negative and the projection of vertices of the bottom of the elements in the
first tier appear as nodes v in the muqarnas graph with h(v) = 0.

Lemma 3.1.4. If G is a directed graph corresponding to a muqarnas structure, then paths

p, q in G with the same end–nodes have the same length. In other words, if p, q are paths in

G with lengths l(p), l(q) respectively and end–nodes: ps = qs and pe = qe, then

l(p) = l(q).

PROOF. We remark that following an arrow corresponds in the muqarnas to going up-
wards to the next tier. This means that if we start at node v and we are able to walk to w,
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we need to pass h(w) − h(v) tiers, with h(v) the height of node v. Therefore, the length
of our walk equals h(w) − h(v). It depends only of the end–nodes of the path and not of
the route.

From the previous property it follows that a muqarnas graph does not contain cycles.
A path starting in a node v and ending in the same node v has always length 0.

After formulating properties of the height h(v), we now concern on the calculation
of h(v). The process of calculating the height is based on determining the distance of
the nodes to the boundary. Let |M | be the number of nodes in the graph G(M, C). The
notation Mh is used for the set of nodes v ∈ M with h(v) = h. For an arrow c ∈ C we
denote cs for its initial point and ct for its end–point. We use the following algorithms to
calculate the height of the nodes v ∈ M :

A-3.1

Initial situation: For all v ∈ M we set h̃(v) = 0, h = 0 and change=false.

Iteration step: For all c ∈ C with cs ∈ Mh: if h̃(ce) < h+1 we set h̃(ce) = h+

1 and mark the situation as changed by setting the boolean
change=true. If this is done for all c ∈ C, we set h = h + 1.

Stop condition: If h > hmax or h > |M | with hmax = maxv∈M h̃(v), we return
the value of change.

A-3.2

Initial situation: We set h = hmax, change=false.

Iteration step: For all c ∈ C with ce ∈ Mh: if h̃(cs) < h − 1 we set h̃(cs) =

h − 1 and mark the situation as being changed by setting
change=true. If done for all c ∈ C we set h = h − 1.

Stop condition: We stop if h = 0 and return the value of change.

A-3.3

Initial situation: We set k = 0, change=false.

Iteration step: Apply A-3.1 and A-3.2 and set k = k + 1. If A-3.1 or A-3.2
returns true we set change=true.

Stop: If change=false or if k = |M |.

The main algorithm is A-3.3. This algorithm calls the algorithms A-3.1 and A-3.2 in
alternating order. The Algorithm A-3.1 forces that all successors of the nodes at height h

get height h+1 and the Algorithm A-3.2 forces the predecessors at height h having height
h− 1. In Figure 3.4 we see a part of the muqarnas graph from the interpretation of Harb
of the design on the plate found at the Takht–i–Sulaymān. On the left we see the result
of calculating the heights of the nodes by only applying Algorithm A-3.1 and on the right
in red the changes after applying Algorithm A-3.2. By applying the Algorithms A-3.1 and
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Figure 3.4. Part of a muqarnas graph. On the left: calculated heights of the nodes
after running A-3.1. On the right: calculated heights of the nodes after running
additionally A-3.2.

A-3.2 in alternating order, we correct the height information needed for the nodes not
direct reachable by a path in the graph starting at height 0. We force the algorithm to
stop if hmax > |M |. This is needed for the situation we apply the algorithm on a graph
which is not a muqarnas graph. In that case it may contain a cycle and applying the
algorithm could result in an infinite loop. Applying the algorithm on graphs different
from muqarnas graph can be useful to test whether a given graph may correspond to
a muqarnas or not. The following lemma affirms that the height is calculated well by
Algorithm A-3.1.

Lemma 3.1.5. If G(M, C) is a connected muqarnas graph then after running the Algorithm

A-3.3, for each node v ∈ M , the calculated height h̃(v) equals the height h(v) of the node v

as defined in Definition 3.1.2.

PROOF. We write h̃k(v) for the calculated height h̃(v) after the iteration step k in Algo-
rithm A-3.3. The Algorithms A-3.1 and A-3.2 cause only a change of the actual value h̃(v)

for a node v if this results in an increase. We conclude that

h̃k+1(v) ≥ h̃k(v). (3.3)

We define the sequence v0, . . . , vk given by the history of h̃k(vk). With this we mean
that vi is the node which determines the value of h̃i+1(vi+1) in the iteration step i+1. The
following situations can appear:

1. h̃i+1(vi+1) = h̃i(vi): then vi+1 = vi, there was no change in the iteration step i + 1.

2. h̃i+1(vi+1) = h̃i(vi) + 1: there is an arrow arw(vi, vi+1), the Algorithm A-3.1 causes a
change in the iteration step i + 1.

3. h̃i+1(vi+1) = h̃i(vi)− 1: there is an arrow arw(vi+1, vi), the Algorithm A-3.2 causes a
change in the iteration step i + 1.

These situations compared with Lemma 3.1.3 show that in all three cases

h̃i+1(vi+1) − h̃i(vi) = h(vi+1) − h(vi).
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From this it follows that

h̃k(vk) − h̃0(v0) =

k−1∑

i=0

[

h̃i+1(vi+1) − h̃i(vi)
]

=

k−1∑

i=0

[h(vi+1) − h(vi)] = h(vk) − h(v0).

As h̃0(v0) = 0, we conclude that
h̃k(vk) ≤ h(v). (3.4)

We proceed the proof by showing that for all nodes v there is a k < |M | such that
h̃k(v) = h(v). Because h̃k(v) is increasing in k (3.3) and smaller than or equal to h(v)

(3.4), we can then conclude that
h̃(v) = h(v).

There is at least one node v∗ ∈ M with h(v∗) = 0. For this node already h̃0(v
∗) = 0

and thus h̃(v∗) = h(v∗). If the height of a node v is set well: h̃k(v) = h(v) then in the next
iteration step the height of its neighbors are set well: Algorithm A-3.1 will care about that
h̃k+1(w) = h(w) for all successors w of v and Algorithm A-3.2 will force h̃k+1(w) = h(w)

for all predecessors w of v.
We define the plan P (M, E) given by the graph G(M, C) as the undirected graph for

which edge(v, w) ∈ E if arw(v, w) ∈ C or arw(w, v) ∈ C. Let v be such that h̃k(v) = h(v).
Because the graph G is connected, we find that for all nodes w ∈ M , there exist a path
in the plan P from v to w. Let this path be given by the sequence v = v0, v1, . . . , vn = w.
Then arw(vi, vi+1) or arw(vi+1, vi) exist in G. With induction we can conclude that after
at most k + n iteration steps also h̃k+n(v) = h(v). As the shortest path has length smaller
than |M | the height of all nodes are given in less then |M | steps.

The next feature, which we will formulate in Lemma 3.1.7, concerns about the direc-
tion of the edges in the muqarnas graph. To formulate this lemma, we need the notion
of opposite edges in a graph. In the definition of opposite edges not only the muqarnas
graph, but also the plan is involved. The definition is illustrated in Figure 3.5.

Definition 3.1.6 (opposite edges). We consider a muqarnas with plan P (N, E) and

muqarnas graph G(M, C). If e = edge(es, et) and f = edge(fs, ft) are edges in the graph

G(M, C) such that there exist edges e′ = edge(es, fs), f ′ = edge(et, ft) in G(M, C) but no

cross edges edge(es, ft) or edge(fs, et) in P (N, E), then we say that e and f are opposite

edges in G according to P .

In other words: edges e and f are opposite if both end–nodes of e are connected in the
graph G as well as in the plan P with exactly one, and not the same, end–node of f . In
this definition of opposite, the end–nodes of the edges need to be connected in the graph
G for being opposite. To exclude the possibility to be opposite if these end–nodes have
a second connection we look at the plan P . In Figure 3.5 the edges which appear in P ,
but not in G are dotted. The edges drawn by continuous lines appear both in the plan P

as well as in the subgraph G. We see three different kind of structures which may appear
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Figure 3.5. On the left: edges e and f are opposite. In the middle and on the right:
edges e and f are not opposite.

in the graph. In the first picture, edges e and f are opposite, because the end–nodes of
e are connected in the graph G to the end–nodes of f . In the second picture e and f are
not opposite, as the end–node es is connected in the plan P to both end–nodes of f . In
the last picture e and f are not opposite, as not both end–nodes of e are connected in the
graph G to the end–nodes of f .

Lemma 3.1.7. We observe a muqarnas with graph G and plan P . If the edges e and f are

opposite in the graph G according to the plan P , then they have the same direction in the

graph G.

PROOF. We look at the polygon at the left of Figure 3.6. We consider this polygon as a
part of the graph G with opposite edges e and f . As this polygon appears in the graph
G, we have to determine for all edges a direction. The upper four pictures represent the
situation that this polygon corresponds to a cell. In that case the edges f and f ′ join in
their end–points, represented by black arrows in the upper four pictures. The red arrows
present all possible directions of the remaining edges e and e′. Situation Ia may appear
in muqarnas graphs, the backsides of the corresponding cell could stand on curved sides
of elements in the lower tier. In this situation the opposite edges e and f have indeed
the same direction. Picture IIa presents a situation which is in contradiction with Lemma
3.1.4: there is a path of length 1 and a path of length 3 both with the same end–nodes.
Picture IIIa implies that f and f ′ as well as e and e′ define a cell. We need to join these
cells with there backsides. This situation does not appear in muqarnas and therefore we
do not find situation IIIa in muqarnas graphs.

The lower four pictures show the situation the left polygon corresponds to an inter-
mediate element. In that case the edges e and e′ join in their initial points and present
the curved sides of this intermediate element (black arrows). The first situation Ib may
appear in a muqarnas graph G. In this situation a cell stands with its backsides on the
front of the intermediate element. The projection of the front of the intermediate does
not appear in the graph. The edges e and f have in this case the same direction. The
situation IIb is in contradiction with Lemma 3.1.4. For the third situation, IIIb, we re-
mark that this situation only appears when e and e′ define a half intermediate element
and f and f ′ also define a half intermediate element. These half intermediate elements
appear on the same tier and touch in their front parts. This can only happen in case of
half intermediate elements. In that case the projection of the front is a cross edge joining
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Figure 3.6. Possible directions of the edges of the polygon given by e, e′, f and f ′. If
edges e and f are opposite edges in a muqarnas graph then only cases Ia and Ib are
allowed.

the end–points of the edges e and e′ in the plan P . This is in contradiction with the
assumption of e and f being opposite edges.

We conclude that the only allowed situations are Ia and Ib, in those cases e and f have
the same direction.

3.2 Construction of Muqarnas Graphs from the Plan

In Definition 3.1.1 we defined the muqarnas graph as the projection of the curved ele-
ment sides of the muqarnas. To construct the muqarnas from its design, we should find
from the plan the directed subgraphs with the same properties as muqarnas graphs. We
facilitate the problem by considering first the situation where the plan only consists of
edges appearing in the muqarnas graph. The starting–point is already a subplan and our
task is to determine the directions of its edges.

We have seen in Lemma 3.1.7 that opposite edges of the muqarnas graph G, according
to the plan P , have the same direction. Therefore, we bind opposite edges together in one
orbit (see Figure 3.7) and we determine for each orbit a direction instead of determining
separately for each edge a direction. An orbit is defined as an equivalence class of the
equivalence relation generated by the opposite edges. Edges of the same equivalence
class are then called parallel edges.

Definition 3.2.1 (parallel edges). The edges e and f are parallel if e = f , or if e and f

are opposite, or if there exist an edge parallel to both e and f .

We can prove that this definition indeed defines an equivalence class by verifying the
reflexive, symmetric and transitive relations.

Definition 3.2.2 (orbit). An orbit is an equivalence class of the equivalence relation given

by the parallel edges.
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Figure 3.7. The colored lines represent the orbits in the muqarnas graph.

An arrow in the muqarnas graph corresponds to a curved side. Following the direction
of an arrow in the graph means in the muqarnas going to the next tier. Our job is to set
the direction of the edges in such a way that we can walk over the arrows from the
bottom boundary to the center. In the practise, a muqarnas is built from the outside in
(see [Ibrahim, 2002, pp. 77–78]). Hence, we read a muqarnas design in this direction.
We formulate the following rules:

1. Arrows at the bottom boundary need to point inward.

2. Arrows at the center, need to point to the center.

Figure 3.8. The red nodes are the bottom boundary nodes of the plan. Rule 1 should
be able to set the directions of the blue arrows. The direction of the dotted edge is
undetermined.

In Figure 3.8 we see the desired result after applying the first rule. Not for all edges
incident to a bottom boundary node the direction can be determined. For example, the
direction of the dotted edge cannot be set. We can only set the direction of edges of
which we can validate which end–node is the projection of the lowest vertex. Not all
bottom boundary nodes necessarily appear as the projection of a more lower vertex than
its neighbors. For the dotted edge in Figure 3.8, the end–node belonging to the bottom
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boundary is the projection of vertices above the vertices with projection the end–node
not in the bottom–boundary.

We distinguish two kinds of bottom boundary nodes, the singular and the non–singular

ones. They are so defined that the height of the non–singular nodes is always smaller
than the height of its neighboring nodes not on the bottom boundary. For the singular
nodes we cannot do any statement about this.

We define the line l(u, w) from u to w by

l(u, w) := {tu + (1 − t)w : t ∈ R} ,

and the line section from l[u, w] from u to w by

l[u, w] := {tu + (1 − t)w : t ∈ [0, 1]} .

We say that the line l(u, w) separates v from the plan P (N, E) if and only if there is a line
section l[v, v′] with v′ ∈ N_{v ∪ l(u, w)} so that l(u, w) ∩ l[v, v′] 6= ∅ (see Figure 3.9).

l(u, w)

u

v

v′

w

ṽ

w̃ũ
l(ũ, w̃)

Figure 3.9. Node v is non–singular, as it is separated from P by l(u,w). Node ṽ is
singular, the line l(ũ, w̃) does not separate it from the plan P .

Definition 3.2.3 ((non–)singular). Let v ∈ Wbb(P ) with neighbors u, w in Wbb(P ). If

l(u, w) does not separate v from P and v 6∈ l(u, w) then we call v a singular bottom boundary

node. If v ∈ l(u, w) or l(u, w) separates v from P then v is non–singular.

The set of non–singular boundary nodes of the plan P is denoted by
◦

W bb(P ). The first
rule can now be applied to set the directions of edges pointing from the non–singular
bottom boundary nodes to other nodes of the plan:

Rule 1. We consider a muqarnas structure with plan P (N, E) and graph G(M, C). Let

v ∈
◦

W bb(P ) and w adjacent to v with w 6∈
◦

W bb(P ), then arw(v, w) ∈ C.

The second rule is motivated by the fact that paths over curved sides finish at the
front or in the center of the muqarnas. From the center, it is not possible to go upwards
without leaving the center.
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Rule 2. We consider a muqarnas structure with plan P (N, E) and graph G(M, C). If the

corresponding muqarnas has a regular center and c ∈ C has end–nodes cs, ct such that

cs 6∈ Wc(P ) and ct ∈ Wc(P ), then c = arw(cs, ct).

Rule 2 can only be applied if the center is regular, that means all center nodes appear
as projections of vertices of the upper most tier. This is usually the case, the only example
we know where this is not true are several interpretations of the design on the plate
found at the Takht–i–Sulaymān (see Section 5.2.5). In Figure 3.10 a part of the center
of a possible muqarnas graph corresponding to the design on the plate is drawn. If we

Figure 3.10. Part of the center of a muqarnas graph, inspired by the design found at
Takht–i–Sulaymān. The dotted arrow has a direction which is in contradiction with
Rule 2.

observe the dotted arrow, we see that for its end–nodes cs ∈ Wc(P ) and ct 6∈ Wc(P ), but
arw(ct, cs) 6∈ C, which is in contradiction with Rule 2. In this special case node cs belongs
to the center, but not to an element in the upper most tier. This makes it possible to walk
from cs further upwards to node ct, leaving the center. Because we doubt whether the
center is designed well (see [Dold-Samplonius and Harmsen, 2005]), and this is the only
example we found of muqarnas without regular center, we do not consider this situation
as being representative. In the case we allow a non-regular center, we replace this rule
by an alternative one which is a generalization of Rule 2.

Rule 2 (alternative). We consider a muqarnas structure with plan P (N, E) and graph

G(M, C). If c ∈ C belongs to an orbit, which does not contain an edge e with end-nodes

es, et ∈ Wc(P ) and for the end–nodes cs, ct of c it applies that cs 6∈ Wc(P ), ct ∈ Wc(P ) then

arw(cs, ct) ∈ G(M, C).

A third rule for setting the direction of the edges, can be formulated by recognizing
some known structures. This are the figures in the plan appearing after removing edges
in the plan. By removing edged there arise islands, as defined in Definition 2.2.7. In
Figure 3.11 an overview of such kind of figures is given, together with the direction of
the edges. They only appear in the orientation as given in Figure 3.11.

These figures correspond to more than one element in the muqarnas, and will consist
of one cell and different intermediate elements. The projection of the curved sides of the
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cell is in Figure 3.11 given by red arrows and the projection of the curved sides of the
intermediate elements with blue arrows. Remark that the arrows of all these figures have

vr

vr−2

vr+2
vr

vr vr vr

Figure 3.11. Overview of different islands with their common directions in the graph.

the same structure: at the most right node on the diagonal, two arrows come together.
The other arrows have an alternating direction so that the last arrow of the alternating
ones points to the arrow pointing to the most right diagonal node.

In formulating this rule we use the term sink for a node in a directed graph which is
an initial point for all arrows incident to this node. Similar a source is a node which is
an end–point for all arrows incident to it. We remark that an island always consist of an
odd number of nodes, as each element is represented by two arrows in the graph.

Rule 3. Let {v0, . . . , vn}, v0 = vn be a counter–clockwise oriented cycle in the subplan Q

representing an island in a muqarnas graph G. Let vr be the diagonal node of this cycle in

G with largest x–coordinate, then arw(vr−1, vr), arw(vr+1, vr) ∈ G and for i 6= 2, . . . , r and

j = 2, . . . , n − r the nodes vr−i, vr+j are sources in this cycle for i, j even and sinks in the

cycle for i, j odd.

We formulate a fourth rule which exclude some forbidden element combinations. In
the left picture of Figure 3.12 we see a situation where node u is the central node for
all intermediate elements containing u in its plane projection. In this example the only
possibility to add new elements in the next tier, is to put cells with their backsides on the
fronts of the intermediate elements (see Section 2.1.2). The next tier will then consists
of cells spread over the whole circumference of the structure as given in this picture. In
this way a column appears, a structure not fitting in our niche or dome. We see that node
u cannot be a source in the muqarnas graph.

In the second picture node v is the central node of all cells which have v in its plane
projection. In the muqarnas this implies that all curved sides join already to other curved
sides in this structure and no free curved sides are left. In Section 2.1.2 we have seen
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u
v w

Figure 3.12. First two pictures show element combinations not allowed in a muqar-
nas fitting in a dome or niche. The right picture shows a similar structure, with a
combination of elements which is allowed.

that the only way cells can join to other elements is by: joining curved sides at the same
tier together (curve to curve), backsides of the cells stand on front sides or curved sides
of elements in the previous tier (back on front or back on curve). This means for the
situation as given in the second picture that it is not possible to join elements in the same
tier, or to join a new tier above. Such a structure therefore can only appear in the center
of a muqarnas. We exclude this situation by Rule 4, by avoiding sinks in the graph.

In the right picture node w is also a sink, but here it is possible to add new elements. In
node w not only cells join, but also half intermediate elements. There are still free curved
sides available to which we can join new elements. We summarize our observations in
Rule 4:

Rule 4. Let v be a node in a muqarnas plan P (N, E), then v cannot be a source in the

muqarnas graph. If all edges e ∈ E incident to v appears as arrows in the corresponding

muqarnas graph G, then node v cannot be a sink in the corresponding muqarnas graph.

We have now a set of rules available which make it possible to determine the direc-
tions of most edges in the muqarnas graph, by using only the plane projection of the
muqarnas, and not the muqarnas vault itself. The definition of opposite edges and the
rules given in this section are formulated in accordance with the different element com-
binations appearing in Il-Khanid and Seljuk muqarnas, fitting in a niche or dome. If we
restrict ourselves to the reconstruction of Il-Khanid muqarnas, we can simplify our defi-
nition of opposite. In Il-Khanid muqarnas two half intermediate elements fitting at their
front do not appear. We therefore do not need to exclude the situation as presented in
the middle picture of Figure 3.5. Developing reconstruction algorithms for other types of
muqarnas may need a reformulation of the rules formulated in this section.

In Chapter 5 we will see that with this set of rules most directions of orbits can be
set. There remain only a few undetermined orbits and we can calculate for all possible
graphs the corresponding muqarnas reconstruction. Often the different directions of
these undetermined orbits result in different valid muqarnas computer reconstructions.
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3.3 Conversion of Muqarnas Graph into Muqarnas Struc-

ture

In the previous chapter, we interpreted a muqarnas structure as a set of elements. These
elements are given by their type and their position. In this section we explain how
the muqarnas structure can be found from the muqarnas graph. In Section 3.3.1 we
give an overview of the whole conversion process. This process is split in two parts.
First, we determine which nodes together define a muqarnas element (see Section 3.3.2).
After that, these combinations of nodes are converted into a set of muqarnas elements
combined with their position (see Section 3.3.3). In Section 3.3.4 we show that it is
in some situations possible to find the muqarnas structure directly from the muqarnas
graph, without using the muqarnas plan.

3.3.1 Muqarnas Reconstruction Process

We recall from Section 2.2.1 that if two arrows in the muqarnas graph join in their end–
points, these two arrows define a cell. Intermediate elements are given in the graph
by two arrows joining in their initial points. Therefore, we are interested in joining
arrows to find the elements of the muqarnas. The way these arrows join decodes the
type of the element. Intermediate elements are required to fill in the gaps in the view
from underneath. Therefore, two arrows starting from the same node only represent an
intermediate element if there will appear a gap otherwise.

We use the word face to refer to a set of nodes which corresponds to an element. More
formal we define a face as follows:

Definition 3.3.1 (face). A face F(c, v, w) in a muqarnas graph G(M, C) is a set of three

nodes c, v, w ∈ M such that the edges edge(v, c), edge(w, c) correspond to the curved sides of

the same element in the muqarnas structure.

A face defines a figure (see Definition 2.2.6) in the plan P by ordering the nodes
c, v, w adequate. The node c is the central node of the corresponding element, since
this is the place where the edges edge(v, c) and edge(w, c) join. In the case that the face
F (c, v, w) corresponds to a cell we call it a cell–face. A cell–face is represented in the
muqarnas graph by arrows arw(v, c) and arw(w, c) (see Figure 3.13 on the left). Similar,
if it corresponds to an intermediate element we call it an int–face. In the muqarnas graph
the int–face F (c, v, w) is represented by the arrows arw(c, v) and arw(c, w) (see Figure
3.13 on the right).

The algorithm for finding the muqarnas structure from a muqarnas graph is split in
five steps, where the first three steps concerns about setting the faces and the last two
convert the faces into the elements defining the muqarnas structure:

1. Find the cell–faces corresponding to full cells.

2. Find the int–faces.
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v

wc

c

w

v

Figure 3.13. Set {c, v, w} defines a face. On the left: cell–face. On the right: int–face.

3. Find the cell–faces corresponding to half cells.

4. Translate cell–faces to cells.

5. Translate int–faces to intermediate elements.

(a) Initial situ-
ation

(b) After set-
ting cell–faces.

(c) After set-
ting int–faces.

(d) After set-
ting cell–faces
corresponding
to half cells.

Figure 3.14. Finding the faces from the muqarnas graph corresponding to the muqar-
nas in the basement of the north iwan of the Friday Mosque in Natanz. Faces already
set are colored gray. Black arrows are twice available for setting faces, blue arrows
are once available, and red arrows are not available any more.

In Figure 3.14 the initial situation and the first three steps of the algorithm are vi-
sualized. We mark in each step how often the arrows are used so that after setting the
cell–faces, we can decide whether there is place for an intermediate element left. To find
the set of cell–faces corresponding to half elements another method is used as for finding
the cell–faces corresponding to full elements. Therefore, this is done in a separate step.
In the next section we explain more detailed how the faces can be recognized from the
muqarnas graph.

For the administration how often the edges are used, we remark that an edge in the
interior of the plan corresponds to the sides of two elements. If this edge is represented
by an arrow in the graph, then it can correspond to two curved sides (curve to curve) or to
one curved and to one backside of an element (back on curve). During the administration
process, we therefore also need to consider the situation that edges are used as backsides.
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At the boundary the edges are only one time available as curved side of an element, or
as backside of a cell. We start our administration by setting all edges at the boundary as
used once.

3.3.2 Determination of Faces from the Graph

In Definition 3.3.1 a face is defined as the projection of parts of elements in the muqarnas
structure. Because our task is to reconstruct the muqarnas, this information from the
muqarnas structure is not available. We need to recognize the faces by using the plan
P (N, E) and the muqarnas graph G(M, C).

We find the cell–faces corresponding to full cells by looking for combinations of ar-
rows joining in their end–nodes. For each node c ∈ M we search predecessors v, w with
a common neighbor k 6= c in the plan P . This fourth node k verifies that c, v, w is part
of a figure and we can set the cell–face F (c, v, w). We look for the fourth vertex k in the
plan P and not in the muqarnas graph G. They do not necessarily exist in the G, because
edge(k, v) and edge(k, w) could correspond to the backside of the cell. These backsides
do not appear in the graph in the situation that the corresponding cell stands with its
backsides on the front sides of intermediate elements. No curved sides at this place are
involved then.

To mark which arrows of the graph G are used we first select the real backsides of the
cell. For setting the cell–face we were satisfied by knowing that v and w have a common
neighbor k, but this common neighbor does not need to be unique (see Figure 3.15). For
the backsides we choose for the common neighbor k of v and w nearest to c:

k∗ := argmin {‖k − c‖ : k ∈ N, k 6= c, edge(k, v), edge(k, w) ∈ E} .

If the arrows arw(k∗, v), arw(k∗, w) exist in the muqarnas graph G, they need to be
marked as used. In addition, the arrows arw(v, c) and arw(w, c), which correspond to
the curved sides of the cell need, of course, also be marked as used.

k0

v

k1

c

w

Figure 3.15. Backsides of a cell are given by the edges connecting the initial points
of joining arrows.

To set the int–faces we look at the subgraph G̃(M̃, C̃) of the muqarnas graph G(M, C)

consisting of the arrows still available for defining a face. That is, we remove all arrows
from C which are used twice to define C̃. The set M̃ consists of the nodes incident to
the remaining arrows C̃. For each node c ∈ C̃ with two or more successors v0, . . . , vn, we
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sort its successors , so that

α(c, v0, vi) < α(c, v0, vj) if i < j.

As we see in Figure 3.16, the int–faces are now given by F(c, vi, vi+1) for i = 0, . . . , n− 1.

vn. . .
v1

v0
c

Figure 3.16. The successors v0, . . . , vn of c are ordered in counter–clockwise direction.

During the step of setting the int–faces, we do not search for a possible fourth node
k in the plan P . In this step we find the int–faces corresponding to full intermediate
elements as well as the int–faces corresponding to half intermediate elements. We need
to mark the arrows arw(c, v0) and arw(c, vn), corresponding to the outer curved sides of
the intermediate elements, as used. The arrows arw(c, vi) for i = 1, . . . , n − 1, which
correspond to the inner curved sides of the intermediate elements, are used twice. The
front sides of the intermediate elements do not appear in the graph G, because they
cannot touch curved sides (see Section 2.1.2). Therefore, they are not considered during
the administration.

We set the cell–faces corresponding to half cells at similar way as the int–faces. In this
step we also iterate over the nodes c ∈ C̃ of the graph G̃(M̃, C̃) defined by the available
edges. We scan the predecessors v0, . . . , vn of the node c, and find the cell–faces by sorting
these predecessors by increasing angle:

α(c, v0, vi) < α(c, v0, vj) if i < j,

like in the situation for the int–faces. We mark the arrows arw(c, vi), which corresponds
to curved sides as used.

3.3.3 Conversion of Faces into Muqarnas Elements

To convert the faces into elements, we have to determine for each face its type and
position. In this section F(c, v, w) is a face in a muqarnas graph G(M, C) so that the
ordered set {v, c, w} defines a figure in the corresponding muqarnas plan P (N, E). w so

To determine the type of the element we remark that F (c, v, w) is a cell–face if
arw(v, c) ∈ C and an int–face if arw(c, v) ∈ C. The diameter d of the corresponding
element is given by

d := min {‖k − c‖ : k ∈ N, k 6= c, edge(k, v), edge(k, w) ∈ E} .

If the set {‖k − c‖ : k 6= c, edge(k, v), edge(k, w) ∈ P} is empty, there is no diagonal and
the face corresponds to a half element, we set d = 0. The type of the element is given by
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the nodes a = v − c, b = w − c and the diameter d. The angle of the element is given by
α(c, v, w) which equals to α(0, a, b). The element has curved sides of sizes ‖a‖ and ‖b‖.

The position of the element corresponding to the face F (c, v, w) can also be calculated
from the muqarnas graph G(M, C). We determine the height h(c) of the central node c

in the graph G by applying Algorithm A-3.3. In the situation that the face represents a
cell, the central node c corresponds to the apex of the curved sides. It does not touch
elements of a lower tier. Therefore, the height of the cell is given by h(c). The position
of a cell corresponding to an cell–face F (c, v, w) is then given by {c, h, φ} with h = h(c)

and φ = α(c, c − e0, v), with e0 = (1, 0).
The central node c of an intermediate element in tier r corresponds to the bottom of

the curved sides of this element. This bottom stands on elements from the previous tier,
or corresponds to the bottom of the muqarnas. Therefore, the height h(c) equals to r−1.
The position of an intermediate element corresponding to the int–face F (c, v, w) is given
by {c, h, φ} with h = h(c) + 1 and φ = α(c, c + e0, v), with e0 = (1, 0).

3.3.4 Reconstruction from a Simplified Plan

The plate found at the Takht–i–Sulaymān shows that a muqarnas design is not always
composed of the projection of all muqarnas elements (see Figure 1.3). The drawing on
this plate mainly consists of squares and rhombi. We call such a plan a simplified plan.
Some rhombi need to be split into an almond and a biped to get a proper interpretation
of the design. For this reason we extend our reconstruction algorithm so that it can also
handle designs only consisting of squares and rhombi. This extension is only done for
muqarnas consisting of basic elements, like common in the Il-Khanid architecture. In a
muqarnas where a wider variety of elements is used, we cannot determine the place the
polygons can be split.

Figure 3.17. On the left: square and rhombi of the plan interpreted as one element.
On the right: rhombi and center square in the plan interpreted as two elements.

In Figure 3.17 we see two different muqarnas reconstructions corresponding to a
small plan based on squares and rhombi. The graphs of these interpretations are the
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same, only the plans differ. These reconstructions are for illustrating, they do not corre-
spond with real architecture. In the left picture we see a cell with a rhombus as plane
projection. In this cell, the curved sides join in the smaller angle. Such elements do
not appear in Il-Khanid architecture. Therefore, we interpret these rhombi as the plane
projection of two elements: a cell with plane projection an almond and an intermediate
element with plane projection a small biped (see Figure 3.17 on the right). The interme-
diate element corresponding to the biped appears one tier lower.

In similar way, the square in the middle of the plan is in the right reconstruction
interpreted as a combination of a cell with plane projection a jug and an intermediate
element with plane projection a large biped. The element corresponding to the biped
appears one tier lower. We say that we split the cell into a combination of a cell and an
intermediate element. We push down the part corresponding to the intermediate.

Figure 3.18. On the left: part of the the plane projection of a muqarnas vault in a
shrine at Bist.ām (see Section 5.2.2). On the right: the plane projection of a muqarnas
vault in a niche at the Friday Mosque in Natanz (see Section 5.2.1).

Splitting a cell and pushing down a part in form of an intermediate element is pos-
sible if the backsides of the cell stand on curved sides of elements one tier below (see
Figure 2.13(a)). After splitting, the backsides of the cell are replaced by the curved sides
of the intermediate element. Because this intermediate element is pushed down one tier,
its curved sides need to join to the curved sides of the element on which the cell stood
before splitting. Because splitting the elements does not influence other elements in the
muqarnas structure, we call it a local change. Splitting the elements does not change the
muqarnas graph, as the places of curved sides do not change. This means that the deci-
sion to split some elements needs in our algorithm be executed during the reconstruction
of the muqarnas structure from its muqarnas graph. It does not influence the algorithm
of finding the muqarnas graph from the plan.

We cannot always automatize the decision of splitting a square. If we compare in
Figure 3.18 the plane projection of a vault in Bist.ām and of that in Natanz, we see that
the gray marked square in the left picture is split in the muqarnas structure. In the right
picture the gray marked square appears in a similar situation, but here this square is not
split. These kind of decisions therefore cannot be automatized, in real life the designer
need to decide about it. We restrict ourselves by automating the situation where it is
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Figure 3.19. The projection of two squares needs to be interpreted as two jugs com-
bined with a biped if the squares join at their backsides otherwise.

necessarily to split a square. This will be the situation as given in Figure 3.19: we are not
allowed to join squares with there backsides together as drawn on the left. We exchange
the squares by a combination of a jug and a large biped as shown on the right.

3.4 Preparation of the Plan

To determine the muqarnas graph G from the plan P , we first have to determine the
subplan Q of P only consisting of the projection of the curved sides of the muqarnas
elements. The muqarnas graph is then given by a directed graph based on the subplan
Q. We start this section with an example to show the effect of removing edges in the plan
on the corresponding reconstructed muqarnas. Then we formulate these observation so
that we can use them in our software tool to find which edges we need to remove for
reconstructing a muqarnas with desired properties.

We consider the muqarnas in the basement of he north iwan of the Friday Mosque
in Natanz to observe the consequence of removing edges from the plan. In Figure 3.20
the complete plan corresponding to this muqarnas is drawn. Aim is to find a subplan so
that there exist a muqarnas reconstruction with muqarnas graph based on this subplan
and with plane projection the plan of Figure 3.20. The muqarnas consists, except at the
front boundary of the vault, only of basic elements. In Section 2.1.1 we have seen that the
curved sides of the basic elements always have length one. Thus, all edges corresponding
to curved sides of elements, which are not located at the front of the vault, have sizes
equal to the module. We therefore remove the edges of sizes not equal to the module
which not correspond to sides of elements at the front of the muqarnas. This are the
edges which are marked in Figure 3.20 by dotted lines.

We apply the Rules 1–4, as formulated in Section 3.2, to calculate a possible muqarnas
graph. In Figure 3.21 this graph and corresponding computer reconstruction are visual-
ized. Comparing to the real muqarnas corresponding to this plan (see Figure 3.22), we
find the following differences:

(i). The virtual computer reconstructed muqarnas consists of 7 tiers. The real muqarnas
consists of 5 tiers.
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Figure 3.20. Plane projection of the muqarnas in the basement of the north iwan of
the Friday Mosque in Natanz, the dotted edges have length unequal to one.

(ii). The virtual computer reconstructed muqarnas has a non–regular bottom boundary:
some nodes in the bottom boundary of the plan correspond to vertices of elements
of tier 3 and 4. The real muqarnas has a regular bottom boundary, all nodes of the
bottom boundary correspond to vertices on the first two tiers.

We compare the muqarnas graph of our virtual reconstructed muqarnas with the
muqarnas graph of the real muqarnas. In the graph in Figure 3.21 the direction of the
lower edge of the orbit marked in this graph, is given by the direction of the upper edge
from this orbit as they are parallel. The direction of the upper edge is fixed by Rule 3, as
this edge is a member of an island. By removing the edges marked red in Figure 3.20 we
can split this orbit and the direction of the lower edges can be swapped so that we are
able to reconstruct a muqarnas with a regular boundary (see the graph in Figure 3.22).
We find that removing edges makes it possible to split orbits. This makes it possible to
change the direction of some edges.

The edges which we need to remove are projections of non–curved sides joining to
other non–curved sides. In Section 2.1.2 we have seen that non–curved sides can only
join to other non–curved sides in the following situations:

1. Front sides of intermediate elements touch (see Figure 2.12).

2. Backsides of cells stand on front sides of intermediate elements (see Figures 2.13(b)
and 2.13(c)).

In our example we removed the edges corresponding to situation 2 already from the
plan by removing the edges with sizes unequal to the module. If the size of the backsides
of the cells stand on front sides of intermediate elements equals to one, it can be more
difficult to recognize such edges. We will see an example of such a situation in the next
section.

We use the observations (i) and (ii) for trying to remove edges in order to calculate
a subplan so that after applying Rules 1–4 there is a reconstruction possible with the
desired number of tiers. Looking in our example at the edges marked red in Figure 3.20,
which are the edges we need to remove, we find that removing these edges would results
in an island. Islands can be created by removing all edges incident to the node in the
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Figure 3.21. Muqarnas graph and computer reconstruction of a muqarnas with same
plane projection as the muqarnas in the basement of the north iwan of the Friday
Mosque in Natanz.

Figure 3.22. Muqarnas graph and picture of the of the muqarnas in the basement of
the north iwan of the Friday Mosque in Natanz. Photo by Mohammed Bagheri.
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center of the island. Islands generally appear on the diagonal of a muqarnas graph. The
reason for this can be explained by looking at the paths in a muqarnas graph. The longest
path usually corresponds to a walk in the three–dimensional muqarnas from the lowest
tier to the upper most tier. This lowest tier is found in the muqarnas graphs by arrows in-
cident to bottom boundary nodes of the plan. The largest distance of a bottom boundary
node to the center can be found at the diagonal of the plan. Therefore, most probably
the longest path in the muqarnas graph follows a path approximating the diagonal of the
plan. By putting islands on the diagonal these paths are interrupted and the maximal
length of the paths decreases which results in muqarnas reconstructions containing less
tiers: the bottom is “nearer” to the center. Therefore, we remove a diagonal node and
consider the heights of the different possible muqarnas reconstructions. We will see in
Chapter 5 that by trying to remove nodes on the diagonal, we are indeed often able to
locate the islands in Il-Khanid muqarnas.

Figure 3.23. Plan of portal to enclosure at Sultan Han near Kayseri.

Removing the right edges in a plan not only consisting of basic elements, as in Seljuk
muqarnas appear, can be more complicated. For the muqarnas only consisting of basic
elements, most edges we need to remove are recognized as they have size unequal to
the module. In Seljuk muqarnas the curved sides can have arbitrarily size and therefore
different measures of edges in the plan may appear. In Figure 3.23 we see an example of
a plan corresponding to a Seljuk muqarnas. The edges not corresponding to curved sides
are red marked. The black edges, corresponding to curved sides do not all have the same
length, the polygons near to the bottom boundary have larger sizes as the polygons in
the center. To recognize the edges which correspond to back sides of elements standing
on front sides of intermediate elements, we remark that these can be recognized as they
divide a polygon of four edges, e.g. a parallelogram or a square, into two triangles or
into two polygons of again four edges.

In the examples in Chapter 5 we will see that we are often able to remove most edges
not corresponding to curved sides automatically by using the remarks before. Some
edges still need to be removed by hand, but these edges are mostly easy recognized as
edges not corresponding to curved sides as they have uncommon length. To locate the
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islands, is still a process of trial and error. Our software is able to do suggestions, which
diagonal nodes to remove, but cannot decide by its own.

3.5 Uniqueness of the Reconstructions

During the reconstruction process, the muqarnas plan is converted into a directed sub-
graph and this subgraph is extended to a three–dimensional muqarnas structure. In both
steps, there may be some freedom which lead to different muqarnas reconstructions. In
the first part, the conversion from muqarnas plan to a directed subgraph, these differ-
ences can be caused by removing nodes in the plan (see Section 3.4) or by changing
the direction of undetermined edges (see Section 3.2). In the second part, the extension
from the directed graph to a three–dimensional muqarnas structure, sometimes polygons
can be interpreted as different element combinations (see Section 3.3.4). The answer to
our question, whether muqarnas are uniquely reconstructible, will therefore be nega-
tive. In this section we study how muqarnas having the same plane projection can differ.
Examples can be found in Chapter 5.

At first, we consider the situation that removing nodes on the diagonal results in
different muqarnas reconstructions. By removing these nodes, an island in the plan
emerges and a certain element combination on the diagonal is forced in the muqarnas.
If we fix locally the elements, we need to ensure that the adjacent elements still fit to this
fixed part. This is in general not the case, and we need to change more elements to create
an approved muqarnas structure. Therefore, after removing nodes not only the elements
on the diagonal vary. We have seen in Section 3.4 that this can influence the number
of tiers in the muqarnas. Because more elements are involved and the shape of the
muqarnas is changed, we call these muqarnas being globally different. These variations
need to be considered in the algorithm by finding the subplan from the complete plan.

Secondly, while converting the subplan into a subgraph some directions of orbits may
be undetermined. Giving these orbits different directions results in different muqarnas
reconstructions. In this case, also more elements are involved and the different recon-
structions can have different shapes consisting of a distinct amount of tiers. Therefore,
we say that the different possible directions for the orbits which are undetermined by the
constructing of the subgraph from the subplan, lead also to globally different computer
reconstructions.

In Section 3.3.4 we have seen some examples of locally different muqarnas. Here
only a few elements are exchanged, without changing the shape of the muqarnas. We
have discussed the situation where a polygon in the plan is interpreted as the plane
projection of a cell or of a combination of a cell together with an intermediate element.
If the polygon was interpreted as the plane projection of a cell only, the back sides of
this cell stand on the curved sides of an element in the previous tier. We can remove the
cell and fill the emerged gap with a cell and an intermediate element. The intermediate
element appears in the previous tier. The adjacent elements of the removed cell are not
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changed. If we reconstruct the muqarnas from a simplified plan, we need to decide about
splitting elements during the reconstruction from the subgraph to the muqarnas vault.
The muqarnas graphs of these muqarnas vaults are the same.

Figure 3.24. The cells in the second tier of the left reconstruction are pushed down
in form of intermediate elements in the right picture.

In a similar way we can construct locally different muqarnas if it is possible to push
down a complete tier. If a tier only consists of cells, with all backsides of the cells standing
on curved sides of muqarnas elements, we can exchange all these cells by intermediate
elements and push them to the previous tier. All the upper tiers then also need to be
pushed down one tier. In Figure 3.24 an illustration of this situation is given. The second
tier of the left reconstruction only consists of cells with plane projection a rhombus. In
the right reconstruction these rhombi are interpreted as intermediate elements appearing
in the first tier. The right reconstruction has then one tier less as the left reconstruction.
If we look at the corresponding muqarnas graph of the right situation, we see that the
we need to remove the dotted edges from the plan before calculating the graph. The di-
rection of the remaining edges does not change. Our algorithm is not able to reconstruct
this right muqarnas correct from its muqarnas graph as this graph is disconnected. The
Algorithm A-3.3 for calculating the height of the nodes only works for connected graphs.
We therefore only reconstruct the left situation. In our muqarnas reconstruction we need
to be aware that maybe tiers only consisting of cells with their backsides standing on
curved sides need to be removed and intermediate elements in the previous tier inserted.
We call this a local difference, although the amount of tiers changes. This is because we
only exchange the elements of one tier, in such a way that the new elements still fit in
the muqarnas. Adaption of adjacent elements is not required.

Finally, we want to mention the situation of half cells at the bottom of the muqarnas.
If place for such half cells is available, we can insert them, but also leave them out. The
designer needs to declare whether a half cell or a gap is preferred. It is decision which
leads to locally different muqarnas.



Chapter 4

Software Tools for Reconstructing

Muqarnas

In this chapter we describe three computer programs, which are developed to reconstruct
muqarnas. The first program, plantograph, is written for converting a muqarnas sub-
plan into a muqarnas graph (see Section 4.1). This subplan consists only of the edges
which appear in the muqarnas graph. The task of plantograph is to give the edges
a direction. A second program, removelines, is used to find the subplan from the
complete muqarnas plan (see Section 4.2). The third program, graphtomuq, calculates
a three–dimensional muqarnas reconstruction from the muqarnas graph with the initial
plan as plane projection (see Section 4.3). For this aim, a list of muqarnas elements is
calculated, together with a list containing the positions of the elements.

For the visualization of the two–dimensional objects, that are the plans and graphs,
we use the xfig–file format, which is designed for the open source program xfig. The
three–dimensional data are given in the VRML 2.0–file format. The xfig–files are then
used as input and the computer reconstructions are given in VRML 2.0. As the calcu-
lations are all done in our own data–structures, the muqarnas reconstruction algorithm
does not depend of these input and output formats. A short description of the xfig–file
format can be found in Section 4.1.2 and the VRML 2.0–format is explained in Section
4.3.2.

4.1 The Program plantograph

To convert a muqarnas plan into a muqarnas graph we first determine the subplan con-
sisting of the plane projection of all the curved sides of the elements and of backsides
of cells appearing at the bottom of the muqarnas. We then give each edge in this sub-
plan a direction to set the muqarnas graph (see Section 3.2). The determination of the
directions is executed by the program plantograph.

In this section we first describe the program flow of the program plantograph (see
Section 4.1.1). After that, we work out some parts more in detail. In Section 4.1.2, the
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data–structures used for the plans and graphs in the program is explained. After that, we
explain in Section 4.1.3 how we can convert the input to our intern data–structure.

To set the direction of the edges we use the rules which we formulated in Section 3.2.
The first two rules depends on the boundary of the plan. In Section 4.1.4 we explain
how this boundary is calculated. The main process of the program, the execution of the
rules, is then given in Section 4.1.5. Finally, in Section 4.1.6, some remarks about the
computing time of the program are given.

4.1.1 Conversion of the Plan into the Graph

The program plantograph applies the rules as presented in Section 3.2 to set as many
directions of the edges as possible. With the additional tool planedit, written by Daniel
Jungblut (see [Jungblut, 2005]), it is possible to set the direction of the remaining edges
manually.

The program plantograph uses the complete muqarnas plan P and the subplan
Q, which consists of the edges which appear in the muqarnas graph G. The following
command line options are available to call the program plantograph:

-Q <string> This option is necessary. It is followed by the name of
the file representing the input muqarnas subplan Q.

-P <string> The option -P should be followed by the name of the
file representing the complete muqarnas plan P . If this
option is not given, the subplan Q is used instead.

-G <string> This option is followed by the name of the output file
representing the muqarnas graph G. By default, we
use the name of the input file, representing the subplan
Q, with the prefix graph_ placed before.

-p <integer> The option -p can be followed by the integers 1, 2 or
4, representing a full, half or quarter muqarnas plan,
respectively. By default, the input plan is considered
being a quarter plan.

-c If this option is given, an irregular center is allowed in
the reconstruction.

-r With this option, we work with a data–structure where
nodes in the plan are stored as floating–point numbers.
Without this option, we work with integers to repre-
sent the nodes in the graphs.

The task of the program plantograph is to set the direction of the edges of the sub-
plan Q. Besides of the subplan Q, the complete plan P is required in the input. We
recall from Section 3.2 that for giving the edges a direction, opposite edges are bound
in orbits. For each orbit a direction is given. To decide whether edges are opposite we
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need the information of the subplan Q as well as the information of the complete plan P .
For setting the orbits the complete plan is only scanned to check whether a polygon has
a cross edge connecting the edges which are candidates for being opposite (see second
picture in Figure 3.5). The edges of a polygon with cross edge are not considered in our
definition of opposite, because they could correspond to the projection of half intermedi-
ate elements joining at their front. In that case the edges which are candidates for being
opposite do not necessarily have the same direction. As this situation rarely appears, in
most cases the muqarnas graph can still be calculated correctly without information from
the complete plan P .

In Figure 4.1 the program flow of the program plantograph is visualized. The thick
arrows designate the main stream of the program. Dotted arrows are used to indicate that
the objects are not changed, but serve as information. The first step in our algorithm is to

geoPlan

OrbitsValued

xfig

xfigxfig

Plan Q Plan P

Graph G

xfig

Figure 4.1. Program flow of the program plantograph.

read the input plan and convert it into our own data–structure, represented by the object
Plan. In this way we create the subplan Q and the plan P containing the coordinates
of the nodes in the muqarnas plan and their connections. Besides the object Plan, we
create an object called geoPlan. The object Plan is responsible for the structure of
the plan which is given by the connections between nodes. The object geoPlan cares
about the features of the plan depending on the coordinates of the nodes. It consists
of the boundary information of the plan and stores which section of the muqarnas is
represented by the plan given in the input. This is given by the number behind the
command line option -p.

As the direction of parallel edges is the same, we first analyze which edges are par-
allel. We store parallel edges in an orbit, which is represented by a vector of edges. In
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this way we create a vector of the orbits with for each orbit a value to fix the direction
of the orbit. This vector of orbits together with a value for its direction is stored as an
object OrbitsValued. In this object our algorithm steps, as presented in Section 3.2
are applied to set the directions of the orbits. We then can directly convert this object
into an xfig–file where edges with unknown directions are drawn by dotted lines. If the
direction is known we use arrows to represent these directions.

In the remaining part of this section we give a more detailed description of the used
data–structures and explain the steps executed during the program flow.

4.1.2 Representation of the Muqarnas Plan

The open source program xfig, written by Supoj Sustanthavibul and improved by Brian
V. Smith and Paul King, is a program for drawing pictures in vector format. The xfig–file
format is well documented in the xfig–manual (see [Sato and Smith, 2002]). We use this
file format for the input plans and the output graphs. This makes it possible to visualize
the graphs.

In the xfig–file format different drawing objects, like polygons, splines or circles are
defined. Most objects are given by two or more lines containing numbers (see Figure
4.3). The first line starts with a number which is a code for the kind of object defined.
For example, a line starting with the number 2 defines a polygon. The remaining num-
bers of this first line decodes some properties of the object. These properties can for
example consist of information about the line thickness or color of the object. The sec-
ond line consists of coordinates of nodes defining the object. In a possible third line extra
properties of the object are defined. For example, in the case of a polygon drawn with
arrows, these extra properties contain information about the drawing style of the arrows.

To represent muqarnas plans and graphs in the xfig–format only the object polygon
is of interest for us. An open polygon in the xfig–format is represented by a sequence
of coordinates of the nodes connected to each other. These coordinates are given in the
second line of the object polygon. The first line contains, beside of the information that
we are dealing with a polygon, also information whether the nodes are connected by
arrows or by lines. In case of arrows this line also contains their direction. In this way a
plan or graph is in the xfig–file format represented by a list of edges, where each edge is
given by an open polygon defined by the two connected nodes. In the case of a plan the
connections are given by lines and in case of a graph they are given by arrows.

In our software, the structure of a muqarnas plan and a muqarnas graph, are rep-
resented by an adjacency–list: each node in a plan is linked to a list of nodes rep-
resenting its neighbors. A detailed description of this data–structure can be found in
[Sedgewick, 2002, pp. 31-35]. In the case of a graph only the successors of a node are
listed. In Figure 4.2 we see examples of such adjacency–lists corresponding to a plan
and a graph. In the adjacency–list we refer to the nodes by using indices. These indices
consist of a set of non–negative integers so that each node uniquely corresponds to an
index taken from this set. For a plan P (N, E) we denote with IP ⊂ Z≥0 the set of index
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numbers of the nodes N .
If the command line option -r is not given, we store the coordinates of the nodes as

integers. This is possible if all nodes in the plan P (N, E) are in the grid L := (Z+Z/
√

2)×
(Z + Z/

√
2). We have seen in Section 2.2.3 that if a node v ∈ R

2 can be represented by
integers a, b, c, d ∈ Z≥−1 so that v = (a + b/

√
2, c + d/

√
2) then we can represent it by one

integer
ι(v) := f (f(a + 1, b + 1), f(c + 1, d + 1))

with f as given in Equation (2.2). We use these integers given by the grid as our in-
dex numbers to refer to a certain node in our adjacency–list. The integer then directly
includes the information of the coordinates of the elements.

In the case the command line option -r is given by calling the program plantograph,
the coordinates are stored as floating–point numbers. We store additionally a list of the
floating–point numbers. In this list each floating–point number is linked to an integer,
which is the index of then node.

Let vP (i) ∈ R
2 the coordinates of the node corresponding to the index i ∈ IP . We

denote iP (v) for the index of the node v ∈ N in the adjacent–list representation of
the plan P . If we represent nodes v with integers ι(v) and use these integers for the
indices, then for the subplan Q of P , IQ ⊂ IP and vQ(i) = vP (i) for i ∈ IQ as the
coordinates of the nodes are determined by there integer representation. If we represent
the coordinates with floating–point numbers this is not the case. The same index number
in different plans in general refers to different nodes, that means for i ∈ IQ ∩ IP in
general vQ(i) 6= vP (i), they depend of the order the nodes are inserted in the node–list.
This means that if we work parallel with different copies of a plan and switch between
them, we have to look up the coordinates corresponding to a certain index and compare
the coordinates directly instead of comparing the indices.

We have chosen to use an adjacency–list as data–structure for our graphs so that we
have a fast access to neighboring nodes. For the directed graphs this means that we have
only fast access to the successors of a certain node. Therefore, we often work parallel
with the reverse graph Grev of G. Graph Grev has the same set of nodes and edges as the
graph G but the edges are directed in the reverse order compared to G. The graph Grev

gives then the possibility to have also fast access to the predecessor of a node in G.

4.1.3 Conversion of the Input into a Muqarnas Plan

The first task of the program plantograph is to convert a xfig–file into our intern data–
structure of a plan P . To do this we start with an empty plan P , read the information of
the xfig–file line by line and put this information in the plan P . While scanning the xfig–
file, a polygon can be recognized by the first line of the object starting with the number
2 (see Figure 4.3). This first line also contains the informations whether this polygon is
drawn with lines or with arrows. In the context of reading the plan we only consider
the lines and if we read a graph from a xfig–file, we only store the arrow information.
We scan the second line for the coordinates of the nodes connected to each other. The
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Figure 4.2. On the left: visualization of a plan and graph. On the right: connections
between the nodes stored in an adjacency–list.

900 1536 1536 1800

2 1 0 4 0 7 50 -1 -1 0.000 0 0 -1 0 0 2

Figure 4.3. Part of a xfig–file which defines a polygon (line 1) given by two connected
nodes (line 2).

two lines illustrated in Figure 4.3 define an open polygon. In the second line we see that
the polygon is given by the connection between the node v = (900, 1536) and the node
(1536, 1800). In this example the unit is chosen to be equal to 900, so that we will refer
to these coordinates with floating–point numbers v = (1, 1.71), w = (1.71, 2).

The method we use to convert the information of the xfig–file into our own data–
structure depends on whether we represent our node with integers or with floating–
point numbers. In the situation that we use an integer representation for the nodes
v = (vx, vy) ∈ R

2, we need to be able to find a, b, c, d ∈ Z≥−1 such that vx ≈ a + b/
√

2,
vy ≈ c + d/

√
2, then we can convert (a, b, c, d) into one integer by calculating

ι(a + b/
√

2, c + d/
√

2) := f (f(a + 1, b + 1), f(c + 1, d + 1))

as defined in Equation (2.5) in Section 2.2.3.
Like in Section 2.2.3, we use again the notation brc to denote the largest integer

smaller than or equal to r. To write a given floating–point number r by integers (a, b)

such that r = a + b/
√

2, we need to find a, b such that

b ≈
√

2(r − a).
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There does not necessarily exist an optimal solution such that the error, which is given
by

∣
∣
⌊√

2(r − a) + 1
2

⌋
−

√
2(r − a)

∣
∣, is minimal. We choose a of a finite set Z[−k,k] :=

{−k,−k + 1, . . . , k − 1, k}, for a certain k, such that

∣
∣
⌊√

2(r − a) + 1
2

⌋
−

√
2(r − a)

∣
∣ (4.1)

is minimal for a ∈ Z[−k,k]. This means that for the a∗ for which Equation (4.1) is minimal,
the corresponding b∗ = b

√
2(r − a∗) + 1/2c.

The representation by integers is only possible if the muqarnas consists of basic
muqarnas elements. We will use that in such a muqarnas plan there is always a cer-
tain distance between the nodes in the plan. If a node v appears in a plan and a node w

appears in the plan such that ‖v − w‖ ≤ 1 + 1/
√

2, then they need to be connected by
edges belonging to a square or rhombus based figure (see Figure 4.4). We find that in
that case

‖av − aw‖ ≤ 1, ‖cv − cw‖ ≤ 1,

‖bv − bw‖ ≤ 2, ‖dv − dw‖ ≤ 2,
(4.2)

hence a ∈ {−1, 0, 1}, b ∈ {−2,−1, 0, 1, 2}. This means that if we know the integer

w

v

Figure 4.4. Adjacent nodes in a muqarnas plan consisting only of basic elements are
connected by an edge belonging to a rhombus or a square based figure.

representation (av, bv, cv, dv) of a node v, we can calculate the integer representation of
neighboring nodes w by setting r = vx − wx and calculating the minimum of Equation
(4.1) with a ∈ {−1, 0, 1}. Then in the integer representation (aw, bw, cw, dw) of w the aw is
given by aw = av − a. Analogously we can calculate cw by setting r = vy −wy in Equation
(4.1). In general, if ‖v − w‖ = l we choose a := av − aw from the set Z[b−(l+1)c,bl+1c].

We set the integer representation of the nodes by comparing their coordinates with
the coordinates of the nodes in their neighborhoods of which the integer representation
is already known. To apply this idea, we first read all coordinates of the xfig–file and
list them as a vector of edges, where edges are given by two nodes with floating–point
coordinates. This vector is the set of floating–point numbers we need to convert. As
we would like to have a, b, c, d ≥ −1 so that we can calculate ι(a + b/

√
2, c + d/

√
2),

we first translate the plan so that all coordinates are positive. We search the corner
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(x∗, y∗) such that vx ≥ x∗, vy ≥ y∗ for all nodes v ∈ N in the muqarnas plan P (N, E).
By subtracting (x∗, y∗) from all coordinates v, all coordinates can be represented with
positive coordinates and (x∗, y∗) is represented with integers (a, b, c, d) = (0, 0, 0, 0).

The nodes get all a status 0. which has the meaning that the integer representation
of the node is not known. A node v will get status 1 if its integer representation is
known, but not of all its neighboring nodes the integer representation is known. If for a
node both its integer representation is known as well as the integer representation of its
neighboring nodes, then it gets status 2.

We start the converting process by giving the origin status 1. For each node v with
status 1 we look for w with status 0 such that ‖v − w‖ < 1 + 1/

√
2 and determine its

integer representation. The node w gets status 1 and if for all w with ‖v−w‖ < 1+1/
√

2

the integer representation is determined, the node v gets status 2. If the set of nodes
with status 1 is empty, but there are still nodes v with status 0, we have to look for the
nearest node w of v with status 2 and estimate its integer representation by choosing
a = av − aw from the set Z[b−(‖v−w‖+1)c,b‖v−w‖+1c]. The converting process will stop if there
are no nodes of status 0 anymore.

After converting all floating–point numbers to integers, the edge-list is used to link
each v ∈ N to its neighbors w by linking ι(w) to ι(v). The object Plan contains a method
insert(ι(v), ι(w)) which task it is to add ι(w) to the neighbor list of ι(v).

If we work with a data–structure based on floating–point numbers, we can directly
add the edges which we find in the xfig–file to the plan P . The object Plan contains a
method insert(v, w), for nodes v, w ∈ R

2 given by its coordinates read from the xfig–
file divided by the unit u. This method first observes the actual node-list of the plan P to
check whether their are already indices iP (v) and iP (w) given. If they are not available
in the node-list, we create index-numbers iP (v) respectively iP (w) not existing yet in
IP . The connection iP (v), iP (w) is then added to the linked list by adding iP (v) to the
neighbors of iP (w) and adding iP (w) to the neighbors of iP (v).

4.1.4 Boundary of a Muqarnas Plan

From the subplan Q(M, C), given in the input, we create the object geoPlan, which
main task it is to store the boundary information of the plan. This object works with
plans corresponding to a muqarnas in a niche or dome. For reconstructing more general
muqarnas forms, the methods in this object need to be adapted. It uses the information
which section of the muqarnas is represented in the plan, as given by the command line
option -p in calling plantograph. It stores the number given behind -p in the command
line and uses it to calculate the boundary, center and bottom boundary nodes of the plan.
They are stored as vectors of index numbers referring to the corresponding nodes. We
restrict to describe the situation dealing with a quarter muqarnas plan in the input, as
we also gave the boundary definitions in that context. If a larger part of the muqarnas
plan is given, we can use symmetry arguments to calculate the complete boundary.

The boundary nodes are determined directly from Definition 2.2.8. We iterate over



4.1 The Program plantograph 65

all v ∈ M to decide for each node whether it belongs to the boundary or not. For this,
we select for each node v ∈ M its neighbors {a0, . . . , an−1} and order them such that
α(v, a0, ai) < α(v, a0, ai+1). We apply the definitions of figure (see Definition 2.2.6) and
island (see Definition 2.2.7) to decide for all i = 0, . . . , n− 1, j = (i + 1) mod n whether
{v, ai, aj} defines a figure or an island. The definition of the boundary shows that v is in
the boundary if there are i, j with i = 0, . . . , n− 1, j = (i+1) mod n such that {v, ai, aj}
neither defines a figure nor an island.

To determine the center nodes (see Definition 2.2.9), we select the nodes on the
boundary between the end–node

v∗ = ( max
{v∈M :vy=ymax}

vx, ymax)

of the x–mirrorline and the end–node

w∗ = (xmax, max
{w∈M :wx=xmax}

vy)

of the y–mirrorline. The nodes v∗, w∗ can be found by comparing the coordinates of all
nodes in the boundary and select from the nodes with maximal x–value the one with
largest y–value and similar from the nodes with maximal y–value the node with largest
x–value is selected. The shortest path between v∗ and w∗ is set with assistance of a
multiplication operator ◦ defined on plans. We define for a plans P (N, E) and Q(N ′, E ′)

the product [P ◦ Q] (Ñ, Ẽ) by

if edge(u, v) ∈ E and edge(v, w) ∈ E ′ ⇒ edge(u, w) ∈ Ẽ.

The set of nodes Ñ ⊂ {N ∪ N ′} is given by the nodes incident to the edges e ∈ Ẽ. We
use the notation

P k := P ◦ · · · ◦ P
︸ ︷︷ ︸

k times

for applying k times the operator ◦. For a plan P there is a path between v and w of
length k if edge(v, w) ∈ P k.

For computing the shortest path between v∗ and w∗, which defines the center, we
store the subplan given by the boundary nodes of the plan as a subplan R. We determine
for i = 0, . . . , k the plans Ri where k is chosen so that this is the smallest integer for
which edge(v∗, w∗) ∈ Rk. We construct the path of length k defining the center by finding
a sequence of nodes si such that

edge(v∗, si) ∈ Ri and edge(si, w
∗) ∈ Rk−i for i = 1, . . . , k − 1.

The process of calculating the center is illustrated in Figure 4.5. Here, the plans Ri are
drawn for the plan corresponding to the muqarnas in the basement of the north iwan of
the Friday Mosque in Natanz. We see that edge(v∗, w∗) ∈ R6, so the center is given by a
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Figure 4.5. The center of the plan corresponding to the basement of the north iwan
of the Friday Mosque in Natanz is calculated by multiplication of the subplan defined
by the boundary nodes.
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path of length 6. It is defined by the sequence consisting of the common neighbors si of
v∗ in Ri and of w∗ in R6−i.

If the shortest path between nodes v and w is long, then k is large and a lot of space
is needed to store the plans Ri for i = 1, . . . , k. This means that the above described
method for calculating the shortest path between two nodes needs a lot of computer
capacity. To calculate the center of a muqarnas plan, this is not a problem, as the center
is mostly small. The path defining the bottom boundary (see Definition 2.2.10) can be
larger. Therefore, we have chosen to use a different method in that case.

From the set of boundary nodes we delete the center nodes and the nodes on the
x–mirrorline and the y–mirrorline. From the remaining set of nodes L, we calculate
the maximal subplan R(L̃, D) of Q(M, C) given by these nodes. That means, that if
edge(v, w) ∈ C and both v, w ∈ L, then v, w ∈ L̃ and edge(v, w) ∈ D. We add the
nodes from the x–mirrorline and the y-mirrorline with minimal x and minimal y–value
respectively.

4.1.5 Determination of the Direction of the Edges

The main object during the program flow is the object OrbitsValued. In this object the
orbits of the muqarnas plan are stored and we apply the rules as formulated in Section
3.2 on this object to set the directions of the orbits. After setting the direction, we return
the information of this object as a graph.

An edge edge(v, w) is stored as set of two nodes v, w. In this context we do not identify
edge(v, w) with edge(w, v). An orbit is a vector of edges and the object OrbitsValued
contains a vector of orbits Ω along with for each orbit Ω an integer r(Ω) ∈ {−1, 0, 1}. If
r(Ω) = −1, the edges in the orbit Ω point from w to v. The value r(Ω) = 0 means that
the direction of the edges in Ω are undetermined. If the edges in the orbit Ω point from
v to w then r(Ω) = 1.

Let P (N, E) be the complete muqarnas plan and Q(M, C) the subplan of which we
need to determine the direction of the edges. To set the orbits in Q according to P ,
we work with a copy D of the set of edges C from the subplan Q(M, C). We calculate
the orbit Ω to which an edge e ∈ D belongs with the definition of parallel edges (see
Definition 3.2.1). Let Ωe(C) be the orbit in C to which the edge e belongs. To find the
orbit Ωe(C) is done by using a recursive process split in three steps:

(i). Insert e to the orbit Ωe(C).

(ii). Delete e from D.

(iii). If there is an opposite edge f of e, then insert Ωf(D) to the orbit Ωe(C).
Else stop and return the orbit Ωe(C).

We insert for the edge e its orbit Ωe(C) to the object OrbitsValued, its direction is
marked by r(Ωe(C)) = 0. We set the next orbit by choosing an arbitrarily edge f of the
actual set of remaining edges D and insert Ωf(C) in the object OrbitsValued with
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r(Ωf(C)) = 0. This process repeats till the set D is empty, in that case all orbits are set.
After setting all orbits, r(Ω) = 0 for all orbits Ω.

After all preparation work, that consisted of calculating the boundary of the plan and
setting all orbits, we apply our rules on the object OrbitsValued to set the directions
of the orbits.

For applying Rule 1, arrows point from non–singular bottom boundary nodes inward,
we use the bottom boundary information from the object geoPlan. First, the vector of
bottom boundary nodes need to be filtered, as we can only apply Rule 1 on the non–
singular bottom boundary nodes. Non–singular bottom boundary nodes are defined in
terms of their neighbor nodes. We therefore convert the vector of bottom boundary
nodes into a path, so that we have fast access to the neighbors u, w of a node v. The
path representing the bottom boundary is stored as a plan R(Wbb(Q), Ẽ), with Wbb(Q)

the set of bottom boundary nodes in Q and Ẽ ⊂ E such that e ∈ Ẽ if its end–nodes
es, et ∈ Wbb(Q). Then for each v ∈ Wbb(Q) we can calculate whether v is a singular
or non–singular bottom boundary node (see Definition 3.2.3) by calculating the line
l(u, w) and check if l(u, w) separates v from the plan Q. The set of non–singular bottom
boundary nodes is stored as a vector. For each non–singular bottom boundary node v

we iterate over its neighbors in the plan Q. If we find a neighbor w which is not a non–
singular bottom direction, then v points to w in the muqarnas graph. We iterate over
all orbits Ω in the object OrbitsValued to find the orbit Ω containing edge(v, w) or
edge(w, v). If Ω contains edge(v, w) we set r(Ω) = 1, otherwise if Ω contains edge(w, v)

we set r(Ω) = −1.

To apply Rule 2, arrows with one end–node incident to the center points to the center,
we work similar. In this case for each center node v we look for its adjacent nodes w

not in the center. Then there is an orbit Ω with edge(v, w) ∈ Ω or edge(w, v) ∈ Ω and
the direction of this orbit is set so that w points to v. If the command line option -c is
given by calling to plantograph, an irregular center is allowed an we need to apply
the alternative Rule 2. Before setting the direction of the orbit Ω to which edge(v, w) or
edge(w, v) belongs, we need to check if this orbit does not contain an edge edge(v′, w′)

with both v′, w′ ∈ Wc(P ). If such an edge exist the direction of Ω cannot be set.

For applying Rule 3, set the direction of the islands, we iterate over the orbits Ω for
which the direction is unknown: r(Ω) = 0. All the edges of an undetermined orbit are
tested on being a member of an island. To test whether an edge edge(v, w) belongs to
an island is done by iterating over the neighbors k of v. We check for each neighbor
the sets {v, k, w} and {v, w, k} for being an island. If an island is found it is stored as
a sequence of nodes v0, . . . , vn. The next step is then to determine the direction of the
edges edge(vi, vi+1), i = 0, . . . , n− 1. For this we find the node vr for a r ∈ {0, . . . , n} with
largest x–coordinate by comparing the coordinates of the nodes v0, . . . , vn. The island is
stored as a graph with arrows as given by Rule 3. Finally we bring over the directions
of these arrows to the to the orbits in the plan. For an arrow arw(v, w) in the island we
look for the orbit in OrbitsValued containing the corresponding edge edge(v, w) or
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edge(w, v). The direction of the corresponding orbit can then be set.

For applying Rule 4, the graph has no niches, we iterate over the orbits. For the orbits
of which the direction is undetermined the direction is set arbitrarily. If this result in a
muqarnas graph containing a niche, we know that the direction should be swapped. For
both possible directions we execute this test, if both resulting graphs have no niches the
direction of the orbit is set back to unknown.

Finally, the contents of the object OrbitsValued is written in a xfig–file. For each orbit
we first a comment line in the xfig–file is written to denounce the begin of a new orbit.
This is done so that the orbit information is not lost. After that, all edges of the orbit are
inserted as arrows according to its direction. If the direction is not known we insert an
xfig–object representing a dotted line. The program planedit (see [Jungblut, 2005])
is written for interactively changing the graph. This program offers the possibility to
change the directions of the orbits manually. The directions of the undetermined orbits
can also be set.

4.1.6 Complexity Analysis

We finish this section with some remarks regarding the computing time of the methods
applied during the runtime of the program plantograph. We want to emphasize that
the muqarnas plans are quite small and in practice computing time is not main point.
We favor a clearly implementation over finding the most efficient algorithm. We restrict
ourselves by presenting raw estimations showing that the algorithms are of polynomial
time. The computing time is formulated according to the size of a muqarnas plan. The
size of a muqarnas plan is given as the number of nodes |N | in the plan. We announce
the computing time by using Landau’s symbol O.

In a muqarnas plan a node can only have a few neighbors, independently of the total
amount of nodes in the plan. Looking at the smallest angle in a muqarnas plan consisting
of basic elements only, we find that this is the angle of a rhombus and equals to π/4. A
node in such plan can thus have maximal eight neighbors, independently of the size of
the plan. For more general muqarnas, where a larger variation of angles is allowed, the
number of neighbors of a certain node is also restricted and does not depend on the
amount of nodes in the muqarnas plan. From this we can conclude that the number of
edges in a plan depends linearly on the number of nodes in the plan. For a muqarnas
consisting of basic elements, for example, we can state that

|E| ≤ 8|N |
2

(4.3)

as each node as at most eight neighbors. Because of this relation, we can always give the
computing time in terms of |N |.

By reading a muqarnas plan P (N, E) the xfig–file is scanned and every connection in
the plan is inserted as an edge in our data–structure of the plan. Therefore, this scanning
process needs computing time linearly dependent of the number of edges |E|. We find
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that the computing time equals to O (|E|) = O (|N |). To set the boundary of the plan,
we iterate over the nodes N of the plan. We survey for each node v ∈ N whether it is
surrounded by figures or islands. The maximal size of an island does not depend on the
size of the plan. The validation process, whether a given combinations of nodes defines
a figure, does also not depend on the size of the plan. Therefore, checking whether a
fixed node belongs to the boundary depends only on the neighbors of the node v. As
the maximal number of neighboring nodes does not depend on |N | we conclude that
computing time for setting the boundary is given by O (|N |).

To set the center of a muqarnas graph, we calculate Rk, with R(L, D) the path defined
by the boundary nodes and k the number of center nodes. For calculating R2 we look
for each edge to neighbors if its end–point. We use this argument to conclude that
calculation of Rk costs O (k · |D|) operations. As |D| < |E| and the center has alway less
than |N | nodes, we can estimate computing time with O (|N | · |E|) = O (|N |2).

For calculating the outer boundary, we iterate over the set of nodes on the boundary,
and decide for each node whether if belongs to the center or a mirrorline. From the
remaining nodes we calculate the maximal subplan defined by these nodes. This is also
done by iterating over the nodes. We can verify that the computing time can be given by
O (|N |).

In the recursive process, which we use for setting the orbits, for each edge we find
parallel edges from the graph with the edges already used removed. That means that the
ith edge, which we search, is taken from a set of |E|− i edges. The number of operations
is then not larger than

O





|E|
∑

i=0

|E| − i



 = O
(
|E|2

)
= O

(
|N |2

)
.

Setting the direction of orbits according to Rule 1 is done by iteration over the nodes
on the boundary. For each node v among the bottom boundary, we look for the orbit
to which the edges joining in the node v belongs. The corresponding orbit is found by
examining for each orbit its edges. In the worst case we iterate over all edges until we
find the corresponding orbit. The number of boundary nodes is smaller than |N | and
the computing time of this rule can be estimated by O (|N | · |E|) = O (|N |2). For Rule 2
we can use similar arguments to conclude that the computing time can be estimated by
O (|N |2).

During the execution of Rule 3, we iterate over the undetermined edges and validate
whether these belong to an island. Setting the directions of the edges of an island is
an operation which does not depend in the size of the plan, as the size of an island is
bounded. For the edges in the island, we need to find the corresponding orbit by iterating
over the edges in the orbit. we find that computing time can be given by O (|E|2) =

O (|N |2).
In Rule 4 we iterate over the orbits. The number of orbits can be maximal |E|. We

give an orbit a direction and iterate over all nodes to check whether the resulting graph
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contains a niche. The amount of operations depends then on |E|·|N | and computing time
can be given by O (|E| · |N |) = O (|N |2). Adding the computing times of the different
methods executed in the program plantograph, we conclude that computing time of
the program equals to O (|N |2).

4.2 The Program removelines

The program removelines is written to do the first analyzes on the muqarnas plan. Its
task is to calculate the subplan Q from a muqarnas plan P . This subplan Q consists of the
edges which appear in the muqarnas graph G. The program removelines is not able to
find all edges in the plan P , which not correspond to a curved side, but it is able to find
most of them and it proposes suggestions to remove nodes to create islands in the plan.
Creating islands can make it possible to create reconstructions containing less tiers. The
user needs to decide whether these nodes indeed should be removed. In Section 4.2.1
we present the methods executed in the program. Some remarks about its computing
time are given in Section 4.2.2.

4.2.1 Removal of Edges from the Plan

As input the program removelines requires a xfig–file representing the complete muqar-
nas plan. The output consists of a xfig–file with some edges removed and some text with
suggestions of additional nodes to remove. Removing a node v means that we remove
not only the node v, but also all edges incident to v. The following command line options
are available to call the program removelines:

-P<string> This necessary option is followed by the name of the
file representing the complete muqarnas plan.

-o<string> This option is followed by the name of the output
file representing the subplan Q. Without this option,
the name of the input plan with the prefix rmlines_
placed before is used.

-c With this option an irregular center is allowed in the
reconstruction.

-h<integer> This option is followed by a number representing how
many tiers the corresponding muqarnas contains.

-r With this option, we work with a data–structure where
nodes in the plan are stored as floating–point numbers.
Without this option, we work with integers to repre-
sent the nodes in the graphs.

If the option -r is not given, we assume that the muqarnas only consists of basic el-
ements. We have seen in Section 3.4 that in that case we need to remove two kind of
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edges. Those which correspond to backsides of cells standing on front sides of intermedi-
ate elements (back on front) and the edges corresponding to places where front sides of
intermediate elements touch (front to front). Two methods are designed to handle these
situations. The first method, FilterLinesLengthOne(), calculates for each edge in
the input plan, not corresponding to the front border of the muqarnas, its length. If this
length is unequal to one, the edge is removed from the plan.

The second method, setHeight(unsigned int n) is only executed if the com-
mand line option -h is given in the input. It uses the number n which follows after the
option -h in the input line. The effect of removing nodes on the diagonal to create a
muqarnas graph with maximal height n is analyzed by this method. For each diagonal
node v the minimal height of a possible muqarnas reconstruction corresponding to the
plan P (N_{v}, E) is calculated. The notation N_{v} is here used to denote the set N with
the node v removed. The program removelines produces some text stating whether
there is a reconstruction possible and what the minimal height of such a reconstruction
is. Special attention is taken on the nodes which results in a reconstruction of height n.

The possibility of reconstruction and the height of the reconstruction is approximated
as follows: we first calculate a graph corresponding to the plan P (N_{v}, E) by applying
the Rules 1–4 as formulated in Section 3.2. If the command line option -c is given the
alternative Rule 2 is used. In the case that the rules are in a conflict situation, that
means that different rules try to set the direction of the same orbit differently, there is no
reconstruction possible. Otherwise, we calculate the height of the nodes in the subgraph
H(M ′, C ′) given by the edges for which the direction is determined. If there is a muqarnas
reconstruction possible with muqarnas graph G(M, C) then the graph H is a subgraph of
this muqarnas graph G. This subgraph H does not need to be connected, as some edges
of the muqarnas plan can be undetermined and therefore do not appear in the graph
H. Albeit the graph H does not need to be connected, we approximate the height of the
nodes H by applying Algorithm A-3.3. The algorithm calculates for each component in H

the height of its nodes. If this calculation fails: that is it stops because hmax > |M |, there
is a cycle in the graph and H cannot be a subgraph of a muqarnas graph. Otherwise,
the Algorithm A-3.3 calculates for each component the height of the nodes well. If there
is a reconstruction possible, these components are projections of smaller parts of the
complete muqarnas. We need to add for each component a constant to the calculated
heights, referring to the height of the smallest tier in which this muqarnas component
appears. The calculated heights h̃(v) of the nodes v ∈ M ′ are then equal to or smaller
than the height h(v) of the nodes. We therefore can conclude that the number of tiers of
the corresponding muqarnas is equal to or larger than the maximal height of the nodes
in the subgraph and a lower boundary on the heights is determined.

If the command line option -r is given, more variations of elements can be used in the
reconstruction. We have seen in Section 3.4 that the edges corresponding to the places
where backsides of cells stand on front sides of intermediate element can often be recog-
nized in the muqarnas plans as they divide a polygon of four edges in two polygons of
four edges, or two polygons of three edges (see Figure 3.23). To handle the first case, the
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method DeleteDivisionLines() is written. This method deletes all non–boundary
nodes which have only two neighbors. The second case, where a polygon of four edges
is divided in two triangles, is handled by the method DeleteTriangleLines(). It
removes for each triangle the edge with most differing length. This is done because a
triangle corresponds to a half element and the sizes of the curved sides of such a half
element have in general the same length. Triangles are recognized in the plan as a node
with two neighbors which are connected to each other.

4.2.2 Complexity Analysis

We finish this section with some remarks about the computing time of the methods used
in the program removelines. We use again that the number of edges |E| linearly
depends on the number of nodes in a muqarnas plan (see Section 4.1.6). The method
FilterLinesLengthOne() iterates over the edges in the plan to determinate for each
edge its length. Therefore the computing time linear depends on |E|, the number of
edges in the muqarnas plan. Computing time is then given by O (|E|) = O (|N |).

The method setHeight(unsigned int n) calculates for each diagonal node a
possible muqarnas reconstruction. The muqarnas structure is calculated by applying
plantograph. We have seen in Section 4.1.6 that this program needs O (|N |2) opera-
tions. After the graphs are calculated, the Algorithm A-3.3 is used to calculate the height
of the nodes. This Algorithm will call to the Algorithms A-3.1 and A-3.2 at most |N |
times. For executing both the Algorithm A-3.1 and A-3.2 we iterate at most |N | times
over the nodes in N . We find that the computing time of Algorithm A-3.3 can be given by
O (|N |3). Summarizing, iteration over diagonals, running plantograph and running
Algorithm A-3.3 gives computing time of O (|N | · (|N |2 + |N |3)) = O (|N |4).

For the methods DeleteDivisionLines() and DeleteTriangleLines() we
remark that we iterate over the nodes in the plan to decide whether these nodes divide
a polygon, or define a triangle respectively. The decision: does a given node define
a division line or a triangle, depends on the neighbors of the nodes. Therefore, the
computing time of this method can be given by O (|N |).

4.3 The Program graphtomuq

The task of the program graphtomuq is to create three–dimensional computer recon-
structions from the muqarnas graph. It reads the structure information contained in the
graph and defines a set of muqarnas elements (see Section 4.3.1). For visualizing the
muqarnas, this set is converted into VRML–files containing the geometrical data of the
muqarnas (see Section 4.3.2).

4.3.1 Calculation of the Muqarnas Structure

The following command line options are available to call the program graphtomuq:
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-P<string> This option is followed by the name of the file repre-
senting the complete muqarnas plan. If this option is
not given, a subplan derived from the input muqarnas
graph is used instead.

-G<string> This option is necessary. It is followed by the name of
the input file representing the muqarnas graph.

-p<number> The option -p can be followed by the integers 1, 2 or
4, representing a full, half or quarter muqarnas plan,
respectively. By default the input plan is considered
being a quarter plan.

-v<number> This option can be followed by 1 or 2, representing
whether a full or half vault should be reconstructed.

-o<string> This option expects the name of the directory in which
the output files containing the geometrical data are
written. By default, the output directory gets the name
WRL.

-t<string> This option is followed by the name of the texture file.
By default the file texture.jpg is used.

Plan

setFaces

ElementList

Graph

xfig xfig

VRML output

Figure 4.6. Program flow of the program graphtomuq.
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-r With this option, we work with a data–structure where
nodes in the plan are stored as floating–point num-
bers. By default we work with integers to represent
the nodes in the graphs.

The program graphtomuq expects in the input the complete muqarnas plan, as well as
the muqarnas graph. If the muqarnas plan consists only of basic elements we may use the
subplan, derived from the muqarnas graph, instead of the complete plan. This subplan
contains the same edges as the muqarnas graph, but without directions.

In Figure 4.6 the program flow of the program graphtomuq is visualized. The input
consists of xfig–files which we convert into our own data–structure, like we also did in
the program plantograph. We use the numbers behind the command line options -

p and -v to mirror the input plan and graph so that they correspond to the complete
projection of the muqarnas vault, which we want to reconstruct. For this mirroring, we
first compare the coordinates of the nodes, to determine the maximal x and y coordinate
of all nodes appearing in the plan. We iterate over the edges and calculate for each edge
the mirror image of its end-nodes after mirroring in the x–mirrorline or y–mirrorline,
respectively. The edge connecting the mirror images of the end–nodes is then inserted in
the plan.

After mirroring, the graph and plan are stored in the object setFaces in which the
conversion to the three–dimensional muqarnas vault takes place. This conversion is done
by iterating over the nodes in the muqarnas graph. An extensive description is already
given in Section 3.3. We recall that first the faces are recognized from the graph (see
Section 3.3.2), and then these faces are converted into a list of elements, containing
information about the type and the position (see Section 3.3.3).

When the muqarnas only consists of basic elements, it is possible to work with a
simplified plan (see Section 3.3.4). In that case only the muqarnas graph is necessarily
in the input. During the conversion to the three–dimensional muqarnas vault, we need
to decide which rhombi and squares in the plane projection may need to be interpreted
as two elements.

A rhombus will be interpreted as an almond and a biped if otherwise we need to
insert a cell with diameter the longer diagonal of the rhombus. We take this into account
during the conversion of the faces to elements. In step 4 of the algorithm: translate
cell–faces to cells, we calculate the diameter d of the element. If this diameter is too
large, namely larger than that of an almond, whereas the angle equals to π/4, we set this
diameter equal to that of an almond, d = 1/ cos (π/8). We insert the nodes belonging to
the backsides given by this cell–face as nodes of an int–face. From this int–face a biped
is created during step 5: translate int–faces to intermediate elements. We recognize this
biped in the same way. We find an intermediate element with angle π/4, but diagonal d

too larger for a biped. We set this diagonal equal to the length of the diagonal of a biped:
d = 1/(

√
2 cos (π/8)).
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We recall that we interpret a square as the plane projection of a biped and a jug,
only if squares do not fit otherwise (see Figure 3.19). We recognize this situation by
working during setting the faces with a plan UsedBacksides. In this plan we store the
arrows used as backsides of the elements instead of curved sides. We then recognize the
structure as given in Figure 3.19 as putting two squares would result in using arrow c

two times as backsides of an element and not as a curved side.

4.3.2 Visualization of the Muqarnas in VRML

To visualize the geometry of the muqarnas we have chosen to use the VRML 2.0–format.
This data–format gives a possibility to define three dimensional geometrical data. Dif-
ferent browsers supporting VRML 2.0 are available to visualize the data. We present
here a short overview of the attributes of the VRML 2.0–format which we use to vi-
sualize the muqarnas, a detailed explanation of the VRML 2.0–format can be found in
[Ames et al., 1997].

x

z

y

(a) (b)

Figure 4.7. On the left: the xyz–coordinate system as defined in VRML. On the right:
smooth surface (dotted lines) approximated by triangles, the arrows represent the
normals vectors at the vertices on the surface.

In Figure 4.7(a) we see an illustration of the xyz–coordinate system in VRML. The
x–axis points to the front, the y–axis points upwards and the z–axis points to the right.
Surfaces in VRML are approximated by triangles (see Figure 4.7(b)). Besides of a list of
coordinates (x, y, z) of vertices on the surface, a list of triangles is given. Each triangle is
given by three numbers which refer to the selected vertices on the surface. In this way a
triangulation of the surface is defined.

To give a smooth appearance to a surface constructed by joining triangles, we may
also give a list of normal vectors explicitly (see e.g. [Foley et al., 1994, p. 541]). These
normals are then used by the VRML–browser to calculate the amount of light to reflect
in the different directions. This geometric information, coordinates, triangulation and
normals, is stored in a so called Geometric Node.
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To translate, rotate or rescale surfaces a Transform Node is available in VRML 2.0.
It is used to change previous defined surfaces, or objects containing more surfaces, and
place them on the required position in our model. These surfaces can be defined in
the same file or we call to another file containing the geometrical data of the object
we want to transform. For visualizing the muqarnas, we create separate VRML 2.0–
files containing only the geometrical information of the muqarnas elements. By using
Transform Nodes these elements are then placed in their right position.

Our output consists of three kind of VRML 2.0–files, files representing elements, files
for the tiers and a main file binding the tiers to a muqarnas. For each muqarnas element,
we create two files. In one of the files the roof of the element is stored and in the
other the facets are stored (see Definition 2.1.1). This is done to have the freedom to
rescale these parts of the elements separately (see Section 1.1.2). The files have names
like type_d_a_right_left_part.wrl, where type can be cell or int to denote whether
the file contains a cell or an intermediate element, d is a floating–point number which
represents the diameter of the element, and a is a floating–point number to represent the
angle of the element. The variables right and left contain the sizes of the right and left
curved sides. The variable part can be equal to u or l for denoting if the file contains
the upper or the lower part of the element. For example, the roof a cell with a square as
plane projection is then given in the file cell_1.41_1.57_1.0_1.0_u.wrl and its
facets are defined in cell_1.41_1.57_1.0_1.0_l.wrl.

The main file main.wrl consists of Transform Nodes putting the different tiers
on each other. Each tier i is given by two files: tieri_u.wrl and tieri_l.wrl, rep-
resenting the roof and the facet of the tier. In the tier files the elements are included by
Transform Nodes containing the location and orientation of the elements.

4.3.3 Visualization of the Elements

We use for the visualization of our virtual reconstructions the curved muqarnas elements
as described by al-Kāsh̄ı (see [Dold-Samplonius, 1992, p. 232]). This means that our
reconstructions give a representation of the structure of the muqarnas, but do not need
to resemble the original muqarnas. To create a virtual muqarnas resembling the real
muqarnas, we may need to replace the curved elements by other kind of elements.

Our model for the curved muqarnas elements fit well to the elements found at the
Takht–i–Sulaymān (see [Harb, 1978]). Because we focus on the structure and not on the
static part of the muqarnas, in our model only the surfaces which are visible are drawn
(see Figure 4.8). This means that we restrict ourselves by modeling the curved sides, the
curved front surfaces and the bottoms of the elements, which are visible if we watch the
muqarnas from beneath. The backside of an intermediate element only consists of the
edge where its curved sides join and are therefore already reconstructed by drawing the
curved sides. The backside of a cell is not visible in the muqarnas and hence not included
in our model. The same holds for the top surfaces, as we do not look at the muqarnas
from above they are not visible and therefore not drawn.
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left curved side
right curved side

left curved side

bottom

left front

right front

right curved side

right front

left front

bottom

Figure 4.8. Element model as used for our virtual reconstructions.

Figure 4.9. Elements and half–elements approximated by triangles.

In Figure 4.9 we see how we divide the surfaces of a cell and intermediate element
in different triangles. These pictures show which coordinates we need to calculate for
modeling the geometry of the elements. The curved side which represents the curved
side of the elements is drawn in Figure 4.10. The curved side, as it is described by al-
Kāsh̄ı, is given by straight lines and a circle arc. On the circle arc we calculate n vertices,
where n depends on the smoothness and velocity of the reconstruction which we require
for the drawing. By increasing n the reconstruction will be more realistic, but slower.
This means that it takes longer until the reconstruction appears on the screen and it
influences the speed with which we can move the muqarnas interactively.

The curve is described by al-Kāsh̄ı as according with the “method of the masons”,
indicating that it is taken from practice. A detailed explanation of his calculation of the
curve can be found in [Dold-Samplonius, 1996, p. 66]. An animation to illustrate his
calculations can be found in [Dold-Samplonius et al., 2002].

We use the symbols as given in Figure 4.10 to describe the curve. Our origin is chosen
so that vertex G = (0, 0). Setting our unit equal to the module, we draw a straight line
BG of length 2. The perpendicular line BA, which has size the module has then length
1. The oblique line AE intersects the opposite vertical BG with angle ∠BAE equal to
30◦. This line AE is divided in five equal parts, and on three fifth of this line we mark
the vertex Z. As ∠BAE = 30◦, we find that E has coordinates (0, 2 − 1/

√
3) and it is

then easy to verify that Z = (2
5
, 2 − 1

5

√
3). The line EZ is rotated down over E until it

joins the vertical line. We find the end–point H = (0, 3
5

√
3). The arc ZH is described by
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Figure 4.10. Construction of the curve according to al-Kāsh̄ı.

a circle with radius equal to the length ZH. To describe this arc we look for the center
of the corresponding circle, which has distance ZH to H and to Z. This center can be
found by intersecting the circle with center Z and radius ZH by the circle with center H

and radius ZH. We find the center T = (4
5
, 2 − 3

5

√
3) and describe the arc ZH by

ϕ 7→
(

4

5
+

4

5
cos ϕ, (2 − 3

5

√
3) +

4

5
sin ϕ

)

with 2
3
π ≤ ϕ ≤ π. The lengths of LG and AY vary, in our model we choose LG = 0.1 and

AY = 0.2.
The coordinates of the curved side are embedded in the three–dimensional space by

adding a z–coordinate equal to 0. We translate by x = 0.1 as we want to have vertex
L in the origin instead of G. In the muqarnas reconstruction the module will be the
length of KY and not of BA as an edge in the muqarnas plan corresponds to this length.
Therefore we rescale by dividing the x–coordinates by 1.1. For the same reason we divide
the y–coordinates by 2.1, that is the length of KL. As a consequence of this rescaling,
the proportions of the curve change a little. The curve does not exactly coincides with
the curve of al-Kāsh̄ı, but still serves as a good approximation. We list all coordinates of
this curved side into a matrix curve.

For a cell given by a = (ax, 0), b = (bx, by) ∈ R
2 with diameter d ∈ R (see Definition

2.2.3 and Figure 2.15), we calculate the coordinates of the right curved side by trans-
lating over (−1, 0, 0), so that the projection of the central node lies in the origin. To
control the length of the curved side we rescale by multiplying the x–coordinates with
‖a‖. The coordinates on the left curved side are given by translating the matrix curve
over (−1, 0, 0) and we rescale in the x–direction by multiplying the x–coordinate by ‖b‖.
Additionally, we multiply the matrix by the rotation matrix Rα(0,a,b) with

Rϕ =








cos ϕ 0 sin ϕ

0 1 0

− sin ϕ 0 cos ϕ








(4.4)
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gives the coordinates of the vertices on the left curved side. The matrix Rϕ defines a
counter–clockwise rotation by an angle ϕ over the y–axis. To calculate the coordinates
on the diagonal again we translate the coordinates as stored in the matrix curve over
(−1, 0, 0), then we multiply the x–coordinates of the matrix by the diameter d and rotate
over Rα(0,a,b)/2.

For an intermediate element given by a = (ax, 0), b = (bx, by) ∈ R
2 and with diameter

d ∈ R, we calculate the coordinates similar. In this case the projection of K corresponds
to the central node and a translation is not needed. The vertices on the right curved side
are then calculated by multiplying the x–coordinates of the matrix curve by ‖a‖. The
vertices on the left curved side are calculated by multiplying the x–coordinates of the
matrix curve by ‖b‖ and rotating over the y–axis by α(0, a, b). The coordinates of the
vertices on the diagonal are calculated by multiplying the x–coordinates by the diameter
d and by multiplying the resulting matrix by Rα(0,a,b)/2 for rotating purpose.

Calculation of the Normals

To give the viewer of our computer reconstructions the impression that the muqarnas
elements are built with smooth surfaces instead of joined triangles, we explicitly write
normals in the Geometric Nodes of the VRML 2.0–files. For each triangle we deter-
mine the normal vectors for its vertices, where not the normals of the triangle is given,
but the normals of the surface we are approximating.
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Figure 4.11. Calculation of the normals on the front surfaces of the elements.

In the calculation of the normals of the elements, we will use the normals on the curve
as drawn in the most left picture of Figure 4.11. We consider the curved side as two–
dimensional surface in the xy–plane and calculate its normals as vectors in this plane.
For calculating normals for the front sides of the muqarnas elements we rotate normals
of the curve adequately over the y–axis.

The normal of the vertices on the line Y A are given by (1, 0, 0) and the normals of the
vertices on the line AZ are given by (1

2
,−1

2

√
3, 0). For the vertices v on the circle arc ZH,

the normals nv are given by

nv = − v − T

‖v − T‖ ,
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as they point to the circle center T . The normals on the line GH are then given by
(1, 0, 0). We list our normals in a matrix normals and will use them for the front sides
of the muqarnas elements.

We first consider the situation of a cell in standard position given by a = (ax, 0), b =

(bx, by) and diameter d. Let α∗ = α(0, a, b) be the angle of the cell. We denote o for the
vertex opposite of the central node. Its coordinates can be given by

o = −d (sin (α∗/2),− cos (α∗/2)) .

We use again the notation Rϕ to denote the rotation over the y–axis (see Equation (4.4)).

b

o

a0

0a

o

b

Figure 4.12. Calculation of normals on the surfaces in our element–model.

In the left picture of Figure 4.12 a cell is drawn with its projection given in standard
position. The projection of the right curved side is given by edge(a, 0). The normals of
the vertices on this surface are then given by (0, 0,−1). The projection of the left curved
side is given by edge(0, b). To decide its normals we rotate (−1, 0, 0) over the y–axis with
angle α∗ so that it joins to edge(0, b). Then we rotate over π/2 so that the normal is
perpendicular to edge(0, b). The normals of the vertices on the left curved side are thus
given by

Rα∗+π/2 · (−1, 0, 0).

The normals of the front sides are given by rotation of the matrix normals. The nor-
mals in this matrix are given for three–dimensional surfaces created by expanding the
two–dimensional curve in three dimensions as the left two pictures of Figure 4.11. The
normals as given in the matrix normals correspond to the normals of three dimensional
surfaces perpendicular to edge(a, 0), as drawn in the middle picture of Figure 4.11, with
direction GI. For the front side, the projection of GI needs to join edge(o, a). Therefore,
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we rotate the matrix normals over π/2 so that it joins to edge(a, 0) and then rotate over
α(a, 0, o). We find the normals of the vertices on the right front surfaces by

Rα(a,0,o)+π/2 · normals.

Since edge(a + b, b) is parallel to edge(a, 0), we find with similar arguments that the nor-
mals of the vertices on the left front surface can be given by

Rα(b,a+b,o)+π/2 · normals.

For an intermediate element in standard position, given given by a = (ax, 0), b =

(bx, by) ∈ R
2 and with diameter d ∈ R, we proceed in a similar way. Let α∗ = α(0, a, b)

be the angle of the element, we write again o for the node opposite the central node, its
coordinates are given by

o = d (sin (α∗/2), cos (α∗/2)) .

With the same arguments we state that the normals of the vertices on the right curve are
given by (0, 0, 1), and the normals of the vertices on the left curved side are given by

Rα∗+/π/2 · (1, 0, 0).

For the front sides we can verify that the normals of the right front side are given by

Rα(b,a+b,o)+π/2 · normals,

and the normals of the left front side are given by

Rα(a,0,o)+π/2 · normals.

4.3.4 Complexity Analysis

The structure information of the muqarnas is already contained in the muqarnas graph
G. The task of the program graphtomuq is to translate this structure into a three–
dimensional reconstruction. We find the faces by looking for each node at his neighbors.
We conclude that the computing time to set the faces is linear in the number of nodes
|M | of the graph G.

To set the element type, we use operations with computing time not depending on
the size of the graph. For the position only the calculation of the height depends on the
size of the plan. For this we use Algorithm A-3.3. We have seen in Section 4.2.2 that its
computing time depends on |M |3, this cubic computing time is then crucial. The program
graphtomuq needs at most O (|M |3) operations.



Chapter 5

Results of Algorithmic Muqarnas

Reconstructions

In this chapter we present the results of some examples of muqarnas plans on which
we applied our algorithms to create computer reconstructions from the corresponding
muqarnas vaults. We first consider examples of Seljuk muqarnas (see Section 5.1). In
these examples, we use the data–structure for the plans and graphs, with the nodes
stored as floating–point numbers (see Section 4.1.2). In the second part we consider
examples of Il-Khanid muqarnas (see Section 5.2). Here we represent the nodes of the
plans and graphs with integers (see Section 4.1.2).

For each muqarnas we first present a compact overview of properties of the muqar-
nas vault. This overview includes information about the location and building where the
muqarnas vault can be found. The number of tiers the muqarnas consists of is also given.
Considering this number during the reconstruction process may result in a restriction on
the possible muqarnas reconstructions. Furthermore, the overview contains information
about the time period in which the muqarnas vault probably was constructed. These
years of construction are taken from the references presented in the overview. In the
reference list, for most examples a reference to the website of Professor Shiro Takahashi
(see [Takahashi, 2004]) is given. This refers to a big data–base of muqarnas plans avail-
able on the web. The muqarnas plans contained in this data–base are represented by a
number denoted with #n. We adopt this notation in our reference list.

After this overview, we discuss the results of applying the programs plantograph
and graphtomuq on the muqarnas designs in order to reconstruct muqarnas vaults.
In the examples, we always use a quarter muqarnas plan for the input. The plans are
oriented as presented in Section 2.2.2. The origin is chosen so that the smallest x–value
and y–value of the nodes appearing in the plan have coordinate 0. Most graphs are
drawn with blue and red colors. If not stated otherwise, these colors are alternating for
easier recognizing the tier information from the graphs.

83
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5.1 Computer Reconstructions of Seljuk Muqarnas

The specialties of Seljuk muqarnas are the shell–shaped ornaments which we represent
by textures. We use for our reconstructions of Seljuk muqarnas curved elements without
facets, which means that we remove the lower parts of the elements. The combination of
using elements without facets and applying textures gives our reconstructions a similar
appearance as the still existing Seljuk muqarnas. We visited all sites of the examples of
Seljuk muqarnas presented here.

5.1.1 Alay Han

Location: On the road between Aksaray and Nevşehir (Turkey)
Building: Alay Han
Vault: Entrance portal to enclosure
Height: 7 tiers
Years of construction: 1180-1200
Date of visit: April 9th, 2005
References: [Erdmann, 1961, pp. 81–83], [Aslanapa, 1971, pp. 147–148],

[Takahashi, 2004, #043]

Discussion

The road from Aksaray to Nevşehir crosses the area where once the courtyard of the
Alay Han, the oldest known caravanseray in Anatolia, has been. From the courtyard less
remained, but the entrance portal to the enclosure is in good state of preservation (see
Figure 5.2(b)). It contains the oldest muqarnas vault we study in this work.

In Figure 5.1(a) the plan pl_alayhan.fig representing the plane projection of the
muqarnas is shown. The muqarnas plan is mirror–symmetric in its diagonal. Further-
more, we find that the muqarnas is built mainly from basic elements. The elements are
rotated over π/8 + kπ/4, k = 0, . . . , 7 compared to standard position. Because of this
property we can represent the nodes by integers, by remarking that the nodes in the plan
are in the lattice L rotated over π/8. Instead of rotating the lattice we use here for our
reconstruction a data–structure based on floating–point numbers.

In Figure 5.1(b) the resulting subplan after running

removelines -r -Ppl_alayhan.fig

is shown. We find that indeed most lines not corresponding to curved sides are removed.
The dotted lines in this figure represent edges we need to remove manually to create the
subplan consisting only of the projection of the curved sides. Running

plantograph -r -Ppl_alayhan.fig -Qrmlines_pl_alayhan.fig
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calculates the direction of several orbits of the muqarnas graph. There are four orbits
of which the direction is undetermined (see Figure 5.1(c)). As the muqarnas plan is
mirror–symmetric in its diagonal, we expect the two orbits marked red in Figure 5.1(d)
having the same direction. The marked node then gives, by using Rule 4, the direction
of these two orbits.

(a)
pl_alayhan.fig

(b)
rmlines_pl_alayhan.fig

(c)
gr_alayhan.fig

(d) Set undetermined orbits. (e)
crc_gr_alayhan.fig

Figure 5.1. Reconstruction process for the muqarnas in the portal to the enclosure of
the Alay Han.

For the blue marked orbits, we remark that the quarter plan only represents half of
the plane projection of the muqarnas. If we copy the plan in the y–mirrorline we find that
the direction of the most right blue orbit can be determined as the corresponding orbit
in the full plan contains an edge incident to the center node. Rule 2 determines then
its direction. To set the direction of the other blue marked orbit, we use the argument
that the plan is mirror–symmetric in its diagonal, and therefore we expect the muqarnas
graph being mirror–symmetric in its diagonal.

The muqarnas can then be reconstructed (see Figure 5.2(a)) by the command

graphtomuq -r -Ppl_alayhan.fig -Gcrc_gr_alayhan.fig.
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We see in the reconstruction that there appear intermediate elements with almonds
as plane projection. These elements carry cells with a biped as plane projection. These
elements were not listed in our set of basic elements (see Section 2.1.1) as in Il-Khanid
muqarnas only bipeds appear in the plan as plane projection of intermediate elements
and almonds as the plane projection of cells.

(a) WRL/main.wrl (b) Photo of the muqarnas.

Figure 5.2. Computer reconstruction and photo of the muqarnas vault in the portal
to the enclosure of the Alay Han.

5.1.2 Kayseri, Çifte Medrese

Location: Kayseri (Turkey)
Building: Çifte Medrese
Vault: Entrance portal of hospital
Height: 7 tiers
Year of construction: 1205
Date of visit: April 11th, 2005
References: [Aslanapa, 1971, p. 129], [Takahashi, 2004, #040]

Discussion

The Çifte Medrese in Kayseri consists of a medical school and a hospital which are joined
by a corridor. It is the oldest hospital building in Anatolia. In Figure 5.3(a) a quarter
muqarnas plan is given. It represents half of the plane projection of the muqarnas vault
in the entrance portal of the hospital. The projection suggests that the muqarnas consists
mainly of basic elements. Running
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removelines -r -Ppl_ciftemed.fig

successfully removes edges which do not correspond to curved sides of muqarnas ele-
ments. The removed edges correspond to the projection of backsides of cells standing on
front sides of intermediate elements. We need to remove additionally the edges which
are given by dotted lines in Figure 5.3(b).

(a) pl_ciftemed.fig (b) rmlines_pl_ciftemed.fig

Figure 5.3. Plan and subplan of the muqarnas in the entrance portal of the hospital
of the Çifte Medrese in Kayseri.

By applying

plantograph -r -Qrmlines_pl_ciftemed.fig

the direction of all orbits can be determined (see Figure 5.4(a)). Calculating the cor-
responding muqarnas reconstruction results in the reconstruction as shown in Figure
5.4(b). Comparing this reconstruction with the muqarnas vault as given in Figure 5.4(g),
we find that our virtual reconstruction does not fit to reality. This can, for example, be
seen in the middle of the first tier: our virtual reconstruction has no element in the mid-
dle of the first tier, but the real muqarnas has. This is caused by the stone as shown in
Figure 5.4(g) which is found in the middle of the muqarnas. It covers two tiers and does
not correspond to a muqarnas element. If we remove by hand the lines from the plan,
corresponding to this area (see Figure 5.4(c)), we are able to correct the corresponding
muqarnas graph. The reconstruction calculated by

graphtomuq -r -Prmlines2_ciftemed.fig -Gcrc_gr2_ciftemed.fig

results in the reconstruction of the muqarnas with a gap on the place of the area not
containing muqarnas elements. The effect of removing these edges is that the elements
on tier 2 and 3 are pushed down so that place for the stone is created.

Like we have seen in the reconstruction of the Alay Han (see Section 5.1.1) also in
this muqarnas cells with plane projection a biped standing on intermediate elements with
plane projection an almond appear.
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(a)
gr1_ciftemed.fig

(b)
WRL/main.wrl

(c)
rmlines2_ciftemed.fig

(d)
gr2_ciftemed.fig

(e)
crc_gr2_ciftemed.fig

(f)
WRL/main.wrl

(g) Photo of the vault and a de-
tailed photo of the area in the
muqarnas not consisting of muqar-
nas elements.

Figure 5.4. Reconstruction process and photos of the entrance portal of the hospital
of the Çifte Medrese in Kayseri.
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5.1.3 Sultan Han near Kayseri

Location: On the road between Kayseri and Sıvas (Turkey)
Building: Sultan Han
Vault: Entrance portal to enclosure
Height: 9 tiers
Years of construction: 1232-1236
Date of Visit: April 11th, 2005
References: [Erdmann, 1961, pp. 90–97], [Aslanapa, 1971, p. 150],

[Takahashi, 2004, #051]

Discussion

The Sultan Han near Kayseri is in a good condition and richly ornamented with muqar-
nas. We study here the muqarnas in the entrance portal to the enclosure. In Figure 5.5(a)
the plane projection of this muqarnas vault is given. We start the reconstruction process
by removing edges edges of the plan by applying

removelines -r -Ppl_slthan_ksi.fig.

Additionally, the edges represented by dotted lines in Figure 5.5(b) need to be removed
to create the subplan consisting of the projection of the curved sides. The muqarnas
graph is calculated by running

plantograph -r -Qrmlines_pl_slthan_ksi.fig -Ppl_slthan_ksi.fig.

There are eight orbits for which the direction is not set. The direction of the undeter-
mined orbits can be determined by using similar arguments as we did by reconstructing
the Alay Han (see Section 5.1.1).

In Figure 5.5(d) the complete muqarnas graph is given. In this figure we colored one
square gray. The direction of the arrows incident to this square show the motivation for
excluding the edges of a polygon with cross edge from being opposite (see Definition
3.1.6). This part corresponds in the muqarnas to two half intermediate elements with
plane projection half squares which join in their front, as can be seen by comparing this
part to the right picture of Figure 5.6(b).

The computer reconstruction is given by

graphtomuq -r -Ppl_slthan_ksi.fig -Gcrc_gr_slthan_ksi.fig.

We see that there is a small part in the muqarnas not consisting of muqarnas elements.
In our reconstruction a gap is left, in the real muqarnas this space is filled with a stone
ornamented with a kind of rosette (see left of Figure 5.6(b)). Our computer reconstruc-
tion contains 10 tiers, but the real muqarnas vault contains only 9 tiers. The eight tier
of the computer reconstruction only contains cells with projection rhombi. In the real
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muqarnas the rhombi are the projection of intermediate elements of the seventh tier. It
is an an example of a local different muqarnas as described Section 3.5. If a tier only
consists of cells standing on curved sides of elements in the previous tier, we can push
down the complete tier.

(a) pl_slthan_ksi.fig (b)
rmlines_pl_slthan_ksi.fig

(c) gr_slthan_ksi.fig (d)
crc_gr_slthan_ksi.fig

Figure 5.5. Plan analysis for reconstructing the muqarnas vault in the entrance portal
to the enclosure of the Sultan Han near Kayseri.
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(a) Photo of front view. (b) Photos of some details.

(c) Bottom view of the computer reconstruction. (d) Photo of bottom view.

Figure 5.6. Pictures and reconstruction of the entrance portal to the enclosure of the
Sultan Han near Kayseri.
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5.1.4 Ankara, Arslanhane Camii

Location: Ankara (Turkey)
Building: Arslanhane Camii (Mosque)
Vault: Entrance portal
Height: 9 tiers
Year of construction: 1290
Date of visit: April 7th, 2005
References: [Aslanapa, 1971, pp. 121–122], [Takahashi, 2004, #882]

Discussion

The last example we study of a muqarnas in Seljuk style, is the vault in the entrance
portal of the Arslanhane Mosque in Ankara. In Figure 5.7(a) the plan of this muqarnas is
shown. By removing edges not corresponding to curved sides of elements, we find that
the subplan mainly consists of squares and rhombi (see Figure 5.7(b)). Comparing to
the plans from muqarnas of the Il-Khanid period, we see that the plan is contained in the
lattice L rotated over π/8, like we also have seen in the reconstruction of the vault at the
Alay Han (see Section 5.1.1). In the center elements appear of smaller size. In Figure
5.7(c) the output after running

plantograph -r -Qrmlines_pl_arslanhane.fig -Ppl_arslanhane.fig

is given. This output is not satisfying, as too less directions of edges are set. If we look
to the reason, we conclude that a lot of orbits in this plan only contain a few edges, due
to the fact that most rhombi are divided in two triangles. In the definition of opposite
edges (see Definition 3.1.6), we excluded edges in polygons with cross edges as being
opposite. This was done for the case that the triangles should be interpreted as two half
intermediate elements joining at their front, like we have seen in the reconstruction of
the entrance portal of the enclosure of the Sultan Han near Kayseri (see Section 5.1.3).
In the real muqarnas (see Figure 5.8(b)) such element combinations do not appear. The
divided rhombi are the plane projections of a half cell standing on a half intermediate
element, both elements with plane projection a half rhombus. It is a similar situation of
a rhombus dividing in an almond and a biped (see Section 3.3.4). By running

plantograph -r -Qrmlines_pl_arslanhane.fig,

the complete plan is not given in the input and the information of the cross edges dividing
the rhombi is not included. Therefore, the edges of the rhombi are interpreted as opposite
edges. In this way we do not regard element combinations consisting of half intermediate
elements joining at their front. In the output graph (see Figure 5.7(d)) much more
directions are determined. The remaining directions are given manually (see Figure
5.8(a)) and the reconstruction is created by running
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graphtomuq -r -Ppl_arslanhane.fig -Gcrc_gr_arslanhane.fig.

In Figure 5.8(c) the reconstruction is shown after manual completion of the vault the
muqarnas fits in.

(a) pl_arslanhane.fig (b)
rmlines_pl_arslanhane.fig

(c)
gr1_arslanhane.fig

(d)
gr2_arslanhane.fig

Figure 5.7. Plan analysis of the muqarnas vault in the entrance portal of the Arslan-
hane Mosque in Ankara.
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(a)
crc_gr_arslanhane.fig

(b) Photo of the entrance portal. (c) WRL/main.wrl

Figure 5.8. Reconstruction of the entrance portal of the Arslanhane Mosque in Ankara.
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5.2 Computer Reconstructions of Il-Khanid Muqarnas

In the reconstructions of Il-Khanid muqarnas, we take into account that these muqarnas
exist mainly of basic elements. We represent the plans and graphs with the data–structure
based on integers. In the examples we set our unit equal to the module, the length of
the side of a square. For the visualization we use a texture which is inspired by the
appearance of a muqarnas vault in the dome of the Nur al–Din Mausoleum in Damascus,
Syria. We have chosen this texture to emphasize the curves on the elements. In this way
it is easier to recognize the different elements separately.

5.2.1 Natanz, Friday Mosque

Location: Natanz (Iran)
Building: Friday Mosque
Vault: Basement of the north iwan
Height: 5 tiers
Years of construction: 1304–1309
References: [Wilber, 1955, pp. 133–134], [Harb, 1978, pp. 54–55],

[Takahashi, 2004, #120]

Discussion

The Friday Mosque in Natanz is in a pretty good state. In the north iwan two muqarnas
placed above each other can be found. We study the lowest one and refer to it with “the
muqarnas in the basement vault”. The plane projection of this muqarnas vault is given in
the file pl_natanz.fig (see Figure 5.9(a)). By running the program removelines
without the optional command line option -h, we remove the edges of length unequal
to 1, not corresponding to element sides at the front of the vault. The resulting subplan
rmlines_pl_natanz.fig is given as output (see Figure 5.9(b)).

The possible muqarnas graph corresponding to this subplan is calculated by applying

plantograph -Qrmlines_pl_natanz.fig,

the output is shown in Figure 5.9(c). Almost all directions of the edges are set by the
program plantograph. There is only one direction undetermined (dotted edge in Fig-
ure 5.9(c)). By copying the plan in the y–mirrorline, this edge belongs to an orbit of
which the direction is set. It is therefore obvious what the direction of this edge should
be and we set it manual (see Figure 5.9(d)). By calling to graphtomuq a computer
reconstruction is given, containing 7 tiers (see Figure 5.9(e)).

The muqarnas vault in Natanz contains 5 tiers and not 7, therefore we call

removelines -h5 -Ppl_natanz.fig.
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(a)
pl_natanz.fig

(b)
rmlines_pl_natanz.fig

(c)
gr_natanz.fig

(d)
crc_gr_natanz.fig

(e) WRL/main.wrl

Figure 5.9. Plan analysis for reconstructing the muqarnas in the basement of the
north iwan of the Friday Mosque in Natanz, without specifications concerning the
height used for reconstruction.

This program states that reconstructing a muqarnas containing 5 tiers is possible by re-
moving the node indexed by 312, which has coordinates (1+1/

√
2, 1+1/

√
2). We remove

this node by hand.
We examine the effect of our rules (see Section 3.2) applied on this subplan by calling

plantograph -Qrmlines2_pl_natanz.fig.

In Figure 5.10(a) the result of applying Rule 1, the arrows at the bottom boundary point



5.2 Computer Reconstructions of Il-Khanid Muqarnas 97

inwards, in Figure 5.10(b) the result of applying Rule 2, the arrows point to the center
and in Figure 5.10(c) the result of applying Rule 3, directions of arrows in an islands are
known, is shown. Rule 4, there are no niches allowed, has no effect in this example. The
computer reconstruction corresponding to the new graph (see Figure 5.10(e)) indeed
agrees with the muqarnas in the basement of the north iwan of the Friday Mosque in
Natanz.

(a)
afterrule1.fig

(b)
afterrule2.fig

(c)
afterrule3.fig

(d)
crc_gr_natanz.fig

(e) WRL/main.wrl

Figure 5.10. Plan analysis of the muqarnas in the basement of the north iwan of the
Friday Mosque in Natanz, with node removal on the diagonal allowed to get desired
height.
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5.2.2 Bist.ām, Shrine of Bāyaz̄ıd

Location: Bist.ām (Iran)
Building: Shrine of Bāyaz̄ıd
Vault: East portal
Height: 6 tiers
Year of construction: 1313
References: [Wilber, 1955, pp. 127], [Harb, 1978, pp. 44–45],

[Takahashi, 2004, #058]

Discussion

In the small village of Bist.ām, which lies between Tehran and Mashad, two architectural
elements dated in the Il-Khanid period can be found. These are the shrine of Bāyaz̄ıd
and the Friday Mosque. We study here a muqarnas vault of the shrine of Bāyaz̄ıd.

Inspired by the design on the plate found at the Takht–i–Sulaymān, we use in this ex-
ample a simplified plan (see Section 3.3.4). This means that lines which split a rhombus
into an almond and small biped and lines which split a square into a jug and large biped
are removed. As a consequence a rhombus in the plan may correspond to two elements:
a cell with plane projection an almond standing on an intermediate element with plane
projection a small biped. For the squares in the plan a similar situation is valid. A square
may correspond to a cell with plane projection a jug standing on an intermediate element
with plane projection a biped. The program graphtomuq should to be able to decide
which rhombi need to be split. It is not able to recognize all squares which need to be
split, but the combinations of squares where splitting is necessary are recognized.

As it is known that the original vault consists of 6 tiers we apply

removelines -h6 Ppl_bistam.fig.

This method removes the edges with length unequal to one and suggests to remove the
node indexed by 612, which has coordinates (2 + 1/

√
2, 2 + 1/

√
2). In Figure 5.11(a) the

removed edges are drawn with dotted lines. The directions of the edges is calculated by
applying

plantograph -Qrmlines_pl_bistam.fig

and calculating the computer reconstruction of the vault can be done by running

graphtomuq -Ggr_bistam.fig.

We see that the rhombi incident to the bottom boundary of the plan are indeed in the
computer reconstruction of the muqarnas interpreted as almonds and bipeds covering
the first two tiers. The squares are not split in the computer reconstruction. In the real
muqarnas they are split, as we see in the plane projection of the existing vault as given in
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Figure 5.12. Another difference between the original vault and our reconstruction are the
half squares which appear in the second tier of our reconstruction. In the real muqarnas
there are no elements on these places. The differences between the virtual muqarnas and
the real one are only local. We need can exchange some cells with projection a square by
a combination of a cell with projection a jug and an intermediate element with projection
a large biped. The half elements at the second tier with projections half squares need also
to be removed for creating a more realistic muqarnas reconstruction.

(a) pl_bistam.fig (b) gr_bistam.fig

(c) WRL/main.wrl

Figure 5.11. Plan analysis for reconstructing the muqarnas in the east portal of the
shrine of Bāyaz̄ıd in Bist.ām.



100 Chapter 5 Results of Algorithmic Muqarnas Reconstructions

Figure 5.12. Plane projection with tiers colored alternately of the muqarnas in the
east portal of the shrine of Bāyaz̄ıd in Bist.ām.

5.2.3 Farūmad, Friday Mosque

Location: Farūmad (Iran)
Building: Friday Mosque
Vault: Sanctuary iwan
Height: 6 tiers
Year of construction: 1320
References: [Wilber, 1955, pp. 156–157], [Takahashi, 2004, #059]

Discussion

In this example, we explain the effect on the muqarnas if we set the directions of unde-
termined edges in different ways. We observe a muqarnas from the Friday Mosque in
Farūmad. This mosque is situated on the outskirts of the village. The earliest construc-
tion work at the mosque stems from Seljuk times, the damaged north and south iwan are
from Il-Khanid time.

The plan of the muqarnas vault is given in Figure 5.13(a). We delete edges by apply-
ing

removelines -h6 -Ppl_farumad.fig.

It removes the edges with length unequal to 1 and proposes to remove the node on the
diagonal with integer representation 364, which has coordinates (1 + 3/

√
2, 1 + 3/

√
2).

The edges which we remove are represented in Figure 5.13(a) with dotted lines. The
muqarnas graph is calculated by first applying

plantograph -Qpl_farumad.fig,
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we find that most directions can be determined. The edges of the undetermined orbits
can be set by using the fact that in the plan some squares are divided in jugs and bipeds.
For these squares the direction of its edges is fixed by the orientation of the jug. This
forces the direction of the undetermined edge and we get the graph as shown in Figure
5.14(a) with reconstruction calculated by applying

graphtomuq -Ppl_farumad.fig -Ggr1_farumad.fig

given in Figure 5.14(b).
We study what would happen if we set the direction of the undetermined orbits of

Figure 5.13(b) in the reverse order. This graph is shown in Figure 5.14(c) and the corre-
sponding reconstruction is created by applying

graphtomuq -Ppl_farumad.fig -Ggr_farumad.fig.

We see that this second reconstruction has a regular center, but the bottom boundary is
not regular anymore. We find that the elements corresponding to the orbits of which
we changed the direction are pushed upwards. This idea can be used to create several
globally different muqarnas of different heights. Changing the direction of orbits makes
it possible to push parts upwards or downwards.

(a) pl_farumad.fig (b) gr_farumad.fig

Figure 5.13. Plan analysis for reconstructing the muqarnas in the sanctuary iwan of
the Friday Mosque in Farūmad.
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(a) gr1_farumad.fig (b) rec1_farumad.fig

(c) gr2_farumad.fig (d) rec2_farumad.fig

Figure 5.14. Two different computer reconstructions corresponding to the simplified
plan of the sanctuary iwan of the Friday Mosque in Farūmad.
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5.2.4 Takht–i–Sulaymān, South Octagon

Location: Takht–i–Sulaymān (Iran)
Building: Il-Khanid palace
Vault: South octagon
Height: unknown
Years of construction: 1271–1274
References: [Harb, 1978, pp. 43–46]

Discussion

In the Il-Khanid palace at the Takht–i–Sulaymān parts of a muqarnas were found in
a room with octagonal ground plan. The palace contained two rooms with octagonal
ground plan and the muqarnas remains were found in the most south one. Adopted
from Harb, we will refer to this room as the south octagon.

In Figure 5.15(b) a computer reconstruction of the complete muqarnas, as proposed
by Harb is given, together with its plane projection in Figure 5.15(a). This reconstruction
consists of 6 tiers. The corresponding muqarnas graph is a disconnected graph (see
Figure 5.15(c).

Because the graph is disconnected, we are not able to reconstruct the muqarnas by
applying

graphtomuq -Ppl_tis_southoctagon -Ggr_tis_southoctagon.

Our tier algorithm (see Section 3.1, Algorithm A-3.3 cannot be applied. We need to
reconstruct the center and the outer part separately (see Figure 5.15(d)) and include the
half rhombi in the fourth tier manual.

If we calculate a muqarnas reconstruction with the program plantograph from the
plan, by calculating the muqarnas graph without removing edges (see Figure 5.16(b)),
we get as corresponding muqarnas almost the same reconstruction. This reconstruction
contains 7 tiers. The rhombus which Harb interpreted as intermediate elements appear-
ing in the fourth tier, appears in this new reconstruction as cells in the fifth tier. The
other elements are not changed. We see that this means only a local change and the
global muqarnas is not influenced (see Section 3.5).
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(a)
pl_tis_southoctagon.fig

(b) Reconstruction proposal of
Harb.

(c) Muqarnas graph of Harb’s
reconstruction proposal.

(d) Reconstruction by using
graphtomuq.

Figure 5.15. Reconstruction proposal of Harb for the muqarnas in the southoctagon
of the Il-Khanid palace at Takht–i–Sulaymān.
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(a)
gr_southoctagon_tis.fig

(b) WRL/main.wrl

Figure 5.16. Reconstruction proposal of the muqarnas in the south octagon by using
plantograph and graphtomuq.

5.2.5 Takht–i–Sulaymān, Plate

Location: Takht–i–Sulaymān (Iran)
Building: Il-Khanid palace
Vault: Unknown
Height: Unknown
Years of construction: 1271–1276
References: [Harb, 1978, pp. 60–66], [Yaghan, 2000],

[Dold-Samplonius and Harmsen, 2005]

Discussion

The most important example we consider in this work is the reconstruction of a muqarnas
corresponding to the design on the plate found at the Takht–i–Sulaymān. We do not know
how the muqarnas corresponding to this plate looked like, not even the proportions of the
room for which the muqarnas was designed. It could be that it was only a sketch and the
designed muqarnas was never built. We will see that our reconstruction methods succeed
for understanding the design and results in different suggestions for reconstruction.

In the last decades different interpretations of the plate were published. The first
interpretation was done by Harb (see [Harb, 1978]). Yaghan has published four different
suggestions for reconstruction (see [Yaghan, 2000]) and we published another proposal
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(see [Dold-Samplonius and Harmsen, 2005]). These reconstructions were mainly found
by trial and error. Here we present our more methodical way for understanding the plate
and creating computer reconstructions.

We first want to emphasize that it is unknown whether the design was correct. On the
plate different lines emerge in the center of the design. It could be that the designer was
uncertain about the design for the upper most tiers and tried different possibilities. To
take in account these problems during the reconstruction process, we use the alternative
Rule 2 by applying the command line option -c for calculating the muqarnas graphs.

In Figure 5.17(a) the muqarnas plan based on the design as recognized by Harb is
given. The only difference between the plan and the design is that we changed the inner
lines of the hexagons on the diagonal (see [Dold-Samplonius and Harmsen, 2005]) so
that the design only consists of projections of basic elements. Comparing the diagonal of
the plan in Figure 1.3 to the diagonal of the plan in Figure 5.17(a) shows the distinction.
It is only a local difference and does not influence the global reconstruction. We could
replace the corresponding elements in the reconstruction by elements according to the
design on the plate without changing other elements in the muqarnas reconstruction.

By applying

plantograph -c-Qpl_tis_plate.fig

almost all directions can be determined (see Figure 5.17(b)). The resulting graph looks
quite similar to the muqarnas graph corresponding to the proposal for reconstruction
given by Harb. We first set the direction of the remaining edges of this graph according
to Harb’s reconstruction (see Figure 5.18(b)) and run

graphtomuq -v1 -G gr_tis_plate_harb.fig -Ppl_tis_plate.fig

to create a computer reconstruction of Harb’s interpretation of the design. The plane
projection of this reconstruction is given in Figure 5.18(a) where the tiers are colored
alternately. Figure 5.18(c) shows the three–dimensional reconstruction which exists of
18 tiers.

For creating a reconstruction with regular center, the directions of the remaining
edges are set by running plantograph without the command line option -c. They are
then directed as shown in Figure 5.19(b). It results in another computer reconstruction,
containing 17 tiers (see Figure 5.19(c)).

We prefer a muqarnas with a regular bottom boundary. Without removing edges this
is not possible: independent of how we set the direction of the undetermined edges in
Figure 5.17(b), the corresponding reconstruction has a non–regular bottom boundary.
We try to find other reconstruction possibilities by applying the program removelines.
A reconstruction with regular boundary contains supposably less tiers, as a path from
the corner of the muqarnas plan to the center needs to have the same length as a path
starting at another location of the bottom boundary to the center (see Section 3.4). We
therefore watch what happens if we try to remove edges in order to create a muqarnas
reconstruction with maximal 16 tiers. We run
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removelines -h16 -Ppl_plate_tis.fig.

The textual part of the output contains that we need to remove one or more of the
nodes indexed by 144 , 312, 1200, 3280 or 7320 for creating a computer reconstruction
containing less than 17 tiers. The corresponding nodes are marked red in Figure 5.17(a).
Experimenting with the program plantograph shows that to create a reconstruction
with regular bottom boundary we need to remove two nodes.

We remove the nodes as marked in Figure 5.20(a). The left node which we remove, is
the place on the diagonal where four squares join. We have seen a similar situation by the
reconstructions of the muqarnas in the north iwan of the Friday Mosque in Natanz (see
Section 5.2.1) and the muqarnas in the east portal of the shrine of Bāyaz̄ıd in Bist.ām (see
Section 5.2.2). In both cases we removed this node for creating the reconstruction which
coincides with reality. The other node we remove is the place where six rhombi join. A
similar situation can be found in the famous muqarnas vault over the tomb of Skaykh
’Abd as.-S. amad (see [Harb, 1978, pp. 55–58]). The muqarnas graph is now calculated by

plantograph -c -Qpl_tis_plate_new.fig.

and by setting the direction of the remaining undetermined edges so that the bottom
boundary is regular, we calculate the computer reconstruction by running

graphtomuq -v1 -Ppl_tis_plate_new.fig -Gcrc_gr_tis_plate_new.fig.

Removing another set of nodes from the suggested ones results in other computer re-
constructions. These reconstructions contain element combinations we have not seen in
other muqarnas from the Il-Khanid period.

Yaghan proposed different computer reconstructions. We discuss here his interpre-
tation with plane projection as given in Figure 5.21(a) and computer reconstruction as
given in Figure 5.21(c). The corresponding muqarnas graph can be found by removing
the nodes on the diagonal as marked in Figure 5.21(a). The graph is then calculated by

plantograph-c -Qrmlines_pl_tis_plate_yagh.fig,

And the corresponding computer reconstruction can be found by

graphtomuq -v1 -Ppl_tis_plate_yagh.fig -Ggr_tis_plate_yagh.fig.
(5.1)

The result is shown in Figure 5.21(c).
The diagonal nodes which need to be removed for creating Yaghan’s reconstruction

proposal are not suggested by the program removelines. The explanation for this
can be found in the fact that Yaghan interprets the hexagons on the diagonal as cell with
projection a square standing on two intermediate elements with plane projection rhombi.
In the muqarnas plan this is not drawn: the hexagons are given by a jug, a square and
two half–rhombi.

Yaghan has chosen to interpret most squares as an intermediate element with plane
projection a large biped carrying a cell with plane projection a jug. Therefore, we need to
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give the plane projection of Yaghan’s interpretation in the input line (5.1). If the original
design is used, cells with plane projection a square are used instead. The other proposed
reconstructions of Yaghan contains uncommon element combinations and will therefore
not be considered here (see [Yaghan, 2000] and [Dold-Samplonius and Harmsen, 2005]).

Comparing the different reconstructions corresponding to the design, we remark that
the reconstruction of Harb contains 18 tiers, the reconstruction with regular center con-
tains 17 tiers and Yaghan as our reconstruction contains 12 tiers. The main difference
between the interpretation given by Harb (see Figure 5.18(c)) and our interpretation
(see Figure 5.20(c)) is the global geometric form of the muqarnas. In Harb’s interpreta-
tion the muqarnas starts in the four corners. The first tier consists only of two elements
in these corners. The number of elements in subsequent tiers increases, which means
that the length of the subsequent tiers grows until the elements span the whole circum-
ference. This happens for the first time at the eighth tier. In our interpretation, and also
in that of Yaghan, the elements span the whole circumference in each tier.

(a) pl_tis_plate.fig (b) gr_tis_plate.fig

Figure 5.17. First steps in the analysis of the design found at the Takht–i–Sulaymān.
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(a) Plane projection of Harb’s interpreta-
tion of the design.

(b) gr_tis_plate_harb.fig

(c) WRL_harb/main.wrl

Figure 5.18. Reconstruction of Harb’s interpretation of the design on the plate found
at the Takht–i–Sulaymān.
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(a) pl_tis_plate_regularcenter.fig (b) gr_tis_plate_regularcenter.fig

(c) WRL_regularcenter/main.wrl

Figure 5.19. Reconstruction proposal of a muqarnas with regular center correspond-
ing to the design on the plate.
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(a) pl_tis_plate_our.fig (b) gr_tis_plate_our.fig

(c) WRL_our/main.wrl

Figure 5.20. Reconstruction process if specified nodes on the diagonal are removed.
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(a) pl_tis_plate_yagh.fig (b) gr_tis_plate_yagh.fig

(c) WRL_yaghan/main.wrl

Figure 5.21. Reconstruction proposal of Yaghan.
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Conclusions

Reviewing our research questions, which we formulated in the introduction (see Section
1.2.1), we present the following answer:

There is an algorithm for reconstructing muqarnas. There are different muqar-

nas reconstructions with the same plane projection possible. The possibilities are

reduced by the proportions of the vault into which the muqarnas should fit.

We started this work with a problem taken from the practice, concerning reconstruc-
tions of muqarnas, an architectonic decoration appearing in the Islamic architecture.
By describing the problem in a more mathematical context, we created a framework
in which we are able to analyze it. For this aim we defined in Chapter 2 the three–
dimensional muqarnas structure and muqarnas plans, motivated by existing muqarnas
vaults and properties of muqarnas designs. In Chapter 3 we have used this framework to
analyze muqarnas from the Seljuk and Il-Khanid periods. We developed methods to study
the structure of muqarnas directly from their designs. These methods were formulated so
that it was possible to write software tools which are able to analyze muqarnas designs
(see Chapter 4). In this context, we have written the computer programs removelines,
plantograph and graphtomuq. From the examples of Chapter 5, we conclude that
the created software is able to give a fast analysis of the designs and results in a better
understanding of the structure of the muqarnas.

We defined the muqarnas structure by a set of muqarnas elements together with rules
how they can be arranged (see Section 2.1). The combinations of elements covered
by our definitions are those common in Seljuk and Il-Khanid architecture. A new way
of representing the three–dimensional structure of the muqarnas in the design is given
by drawing arrows. These arrows form a directed subgraph of the muqarnas design.
Properties of the muqarnas structure lead to properties of this graph. This makes it
possible to formulate different rules to find the graphs from the design with an allowed
muqarnas realization. The software tool plantograph applies these rules to analyze a
muqarnas design.

In the examples, taken from the Seljuk and Il-Khanid periods, we have seen that
most directions are fixed by these rules and all possible muqarnas reconstructions cor-
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responding to a given plan can be calculated. If we consider more general muqarnas,
the properties can change and the rules need to be adapted. We may need to take into
account more different element combinations and less directions in the graph can be
set. We could state that the definitions depend on the style of muqarnas we want to
reconstruct. Allowing other kind of element combinations also needs an adaptation of
definitions. If the definitions cover more kind of element combinations, reconstruction
can be more difficult.

With the program graphtomuq it is possible to create a muqarnas reconstruction
directly from the graph. We have seen that there may be different muqarnas reconstruc-
tions possible with same plane projection. We distinguish locally and globally different
muqarnas. Concerning globally different muqarnas we have seen that the direction of
orbits not determined by the program plantograph may result in different interpreta-
tions with different shapes (see Section 5.2.3).

Another operation during the analysis, causing global different interpretations of a
muqarnas plan is removing nodes on the diagonal of a plan. We have seen that by
removing a node from the plan an island is constructed. In the three–dimensional re-
construction this island expands to a set of intermediate elements. By fixing locally the
elements we use in the reconstruction, the whole muqarnas can be influenced. It is the
task of the program removelines to select the edges of the plan which appear in the
muqarnas graph and to find which nodes can be removed to create an island. If we know
into which vault a muqarnas needs to fit, we know the height and therefore the num-
ber of tiers the muqarnas consists of. The number of possible muqarnas reconstructions
corresponding to a plane projection can then be restricted (see Section 5.2.1).

Apart from globally different muqarnas, we also consider the locally different ones.
Sometimes it is possible to exchange a muqarnas element by others without changing
other parts of the muqarnas. The muqarnas graphs are then the same and this decision
need to be considered during the three–dimensional reconstruction process, executed by
the program graphtomuq.

We applied our algorithms on the oldest known muqarnas design, which is found
at the Takht–i–Sulaymān. The last decennial different researchers studied the design
and gave their interpretation of the design. This work shows how new methods give an
overview of all possible interpretations of a design. By applying a more structural method
of studying the muqarnas designs, we are able to propose suggestions differently from
the interpretations found in the literature, but more realistic with the style of muqarnas
from the same time and region.

Research about muqarnas could develop in different directions. One direction could
be to extend our software tools so that they can handle other kind of muqarnas. Our al-
gorithm is designed for muqarnas fitting into domes and niches, and therefore demands
rectangular plane projections in the input. Muqarnas which appear as a decoration on
minarets have a plane projection with another geometrical form. Those cannot be han-
dled by our algorithm. Another definition of the boundary of a muqarnas plan is required
to analyze such muqarnas. In other styles of muqarnas other elements and other combi-
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nation rules may appear which influences the muqarnas structure.
As we now possess software tools to analyze muqarnas, it is possible to test new

designed muqarnas on mistakes. For renovation purposes we can also first view the
muqarnas reconstruction on the computer. If only a part of the muqarnas survived and
therefore only a part of its plane projection is known, we need to fill the plane projection
with polygons such that there is a muqarnas representation possible. This can be done
by using studies about tilings to find the possibilities to fill the two–dimensional space
with polygons. If the muqarnas consists only of basic elements, the muqarnas plan can be
considered as an octagonal tiling (see e.g. [Senechal, 1995, p.213–218]). Studying what
kind of assumptions are needed so that a finite part of a tiling has a muqarnas repre-
sentation can be useful for reconstructing partly destroyed muqarnas or for constructing
new muqarnas designs. Our software tools can then be used to validate whether there is
a three–dimensional reconstruction possible.

We already created a data–structure based on integers in which we can represent
tilings, given by the plane projection of muqarnas only consisting of basic elements. We
could imagine that a better algebraic description of the structure of the plans is possible
and useful. Our data–structure could then be more specified to exclude plans for which
no muqarnas reconstruction is available.

An important initiation is made in order to study muqarnas in a more structural way.
To have an algorithm that is able to analyze the structure of a muqarnas, leads to a better
understanding of muqarnas designs. The integration of the computer in our research
provides a fast analysis, which is an important advantage, compared with older methods
based on trial and error.
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Appendix A

Graph Theoretical Terminology

In this appendix we give an overview of the main definitions from graph theory, which
we use in our research. The definitions are taken from [Lemmens and Springer, 1992,
Chapter 7 and 10] and [Bollobás, 1979].

Definition A.1 (undirected graph). An undirected graph G = G(N, E) is an ordered pair

of disjoint sets N, E such that E is a subset of the set of unordered pairs of N . The set N is

the set of nodes and the set E is the set of edges.

If the edge e is the unordered pair of nodes v and w, we call v and w the end–nodes of
the edge e and write e = edge(v, w). Because such an edge is defined as an unordered

pair we identify edge(v, w) with edge(w, v). Often graphs are visualized by drawings. The
nodes are represented in the plane as points, an edge edge(v, w) is represented as a line
connecting the points v and w (see Figure A.1).

Figure A.1. Visual representation of an undirected graph.

We create a directed graph by giving each edge a direction. Then the pairs {v, w} are
ordered pairs and we use the word arrow to refer to the directed edges. The direction is
in its visual representation given by an arrow pointing form v to w.

Definition A.2 (directed graph). A directed graph G = G(N, C) is an ordered pair of

disjoint sets N, C such that C is a subset of the set of ordered pairs of N . The set N is the

set of nodes and the set C is the set of arrows.

117
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We say that an arrow c given by the ordered set {v, w} points from v to w, we write
c = arw(v, w). The node v is called the initial point of the arrow c and the node w is
called its end–point. Both v and w are called end–nodes of the arrow c. We denote cs for
the initial point of an arrow c and ct for its end–point.

Definition A.3 (subgraph). A graph H(M, F ) is a subgraph of G(N, E) if M ⊂ N and

F ⊂ E. We write H ⊂ G for the subgraph H of G.

The subgraph of G(N, E) induced by the set of nodes M ⊂ N is defined by the subgraph
H(M, F ) such that edge(v, w) ∈ E belongs to F if and only if both end–nodes v, w ∈ M .

To refer to parts in the graph connected to nodes or edges, we use the terms adjacent

or neighbor and incident. In the case of a directed graph, a neighbor of a node can be
a predecessor or a successor, depending on the direction of the arrows incident to these
nodes.

Definition A.4 (adjacent, neighbor). We say that two nodes v, w ∈ N of a graph G(N, E)

are adjacent or neighbors, if there is an edge e ∈ E with end–nodes v and w.

Definition A.5 (incident). Two edges e, f are incident if they have exactly one common

end–node. An edge e is incident to node v if v is an end–node of e.

Definition A.6 (predecessor). Let G = G(N, C) be a directed graph and v, w ∈ N . We

say that node w is a predecessor of v if there is an arrow c ∈ C pointing from w to v.

Definition A.7 (successor). Let G = G(N, C) a directed graph and v, w ∈ N . We say that

node w is a successor of v if there is an arrow c ∈ C pointing from v to w.

The notion of path is used to denote connections in the graph. The length of a path
indicates distances between nodes. If the initial point and the end–node of a path are the
same, we call this path a circuit. The circuits which are of most interest of us, are those
which do not coincide themselves, the so called cycles.

Definition A.8 (path). A path p of length l(p) = n in an undirected graph G(N, E) is an

ordered sequence of nodes v1, . . . , vn ∈ N , such that there exist edges edge(vi, vi+1) in E

for i = 1, . . . , n − 1. We write ps = v1 for the initial point of the path p and pt = vn for

the end–point of p. Similar, an ordered sequence of nodes v1, . . . , vn ∈ N defines a path p

of length l(p) = n in a directed graph G(N, C) if there exist arrows arw(vi, vi+1) in C for

i = 1, . . . , n − 1.

Definition A.9 (connected graph). An undirected graph G is connected if for all nodes

v, w there is a path with initial point v and end–point w. A directed graph G is connected

if its underlying undirected graph is connected. This means that for all nodes v, w there

is a sequence v1, . . . , vn ∈ C with v1 = v and vn = w such that arw(vi, vi+1) ∈ C or

arw(vi+1, vi) ∈ C for i = 1, . . . , n − 1.

Definition A.10 (cycle). A cycle c in a graph is a path c = v1, . . . , vn, such that v1 = vn

and vi 6= vj for i, j = 1, . . . , n − 1, j 6= i.
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